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Abstract. We express the K-multiplicities of a representation of the discrete
series associated to a coadjoint orbit O in terms of Spinc-index on symplectic
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1. Introduction and statement of the results
The purpose of this paper is to show that the ‘quantization commutes with re-
duction’ principle of Guillemin-Sternberg [16] holds for the coadjoint orbits that
parametrize the discrete series of a real connected semi-simple Lie group.
1.1. Discrete series and K-multiplicities. Let G be a connected, real, semisim-
ple Lie group with finite center. By definition, the discrete series of G is the set
of isomorphism classes of irreducible, square integrable, unitary representations of
G. Let K be a maximal compact subgroup of G, and T be a maximal torus in K.
Harish-Chandra has shown that G has a discrete series if and only if T is a Cartan
subgroup of G [19]. For the remainder of this paper, we may therefore assume that
T is a Cartan subgroup of G.
Let us fix some notation. We denote by g, k, t the Lie algebras of G,K, T , and
by g∗, k∗, t∗ their duals. Let Λ∗ ⊂ t∗ be the set of real weights: α ∈ Λ∗ if iα is the
differential of a character of T . Let Rc ⊂ R ⊂ Λ∗ be respectively the set of roots
Keywords : moment map, reduction, geometric quantization, discrete series, transversally
elliptic symbol.
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for the action of T on k ⊗ C and g⊗ C. We choose a system of positive roots R+c
for Rc. We denote by t
∗
+ the corresponding Weyl chamber, and we let ρc be half
the sum of the elements of R+c . The set Λ
∗
+ := Λ
∗ ∩ t∗+ parametrizes the unitary
dual of K. For µ ∈ Λ∗+, let χKµ be the character of the irreducible K-representation
with highest weight µ.
Harish-Chandra parametrizes the discrete series by a discrete subset Ĝd of regu-
lar elements of the Weyl chamber t∗+ [19]. He associates to any λ ∈ Ĝd an invariant
eigendistribution on G, denoted by Θλ, which is shown to be the global trace of an
irreducible, square integrable, unitary representation Hλ of G. It is a generalized
function on G, invariant by conjugation, which admits a restriction to K denoted
by Θλ|K . The distribution Θλ|K corresponds to the global trace of the induced
representation of K on Hλ. It admits a decomposition
Θλ|K =
∑
µ∈Λ∗+
mµ(λ)χKµ ,
where the integers mµ(λ) satisfy certain combinatorial identities called the Blattner
formulas [20].
The main goal of the paper is to relate the multiplicities mµ(λ) to the geometry
of the coadjoint orbit G · λ ⊂ g∗ as predicted by the Guillemin-Sternberg principle
evoked above.
Before stating our result we recall how a representation belonging to the discrete
series can be realized as the quantization of a coadjoint orbit.
1.2. Realisation of the discrete series. In the 60’s, Kostant and Langlands
conjectured realisations of the discrete series in terms of L2 cohomology that fit
into the general framework of quantization. The proof of this conjecture was given
by Schmid somes years later [34, 35]. Let us recall the procedure for a fixed λ ∈ Ĝd.
The manifold G · λ carries several G-invariant complex structures. For con-
venience we work with the complex structure J defined by the following condi-
tion: each weight α for the T -action on the tangent space (Tλ(G · λ), J) satisfies
(α, λ) > 0.
Let R+ ⊂ R be the set of positive roots defined by λ: α ∈ R+ ⇐⇒ (α, λ) > 0.
Let ρ be half the sum of the elements of R+. The condition λ ∈ Ĝd imposes that
λ− ρ is a weight for T , so we can consider the line bundle
L˜ := G×T Cλ−ρ
over G · λ ≃ G/T : this line bundle carries a canonical holomorphic structure. Let
Ωk(L˜) be the space of L˜-valued (0, k) forms on G · λ, and ∂L˜ : Ωk(L˜) → Ωk+1(L˜)
be the Dolbeault operator. The choice of G-invariant hermitian metrics on G · λ
and on L˜ give meaning to the formal adjoint ∂
∗
L˜ of the ∂L˜ operator, and to the
Dolbeault-Dirac operator ∂L˜ + ∂
∗
L˜.
The L2 cohomology of L˜, which we denote by H∗(2)(G ·λ, L˜), is equal to the kernel
of the differential operator ∂L˜+ ∂
∗
L˜ acting on the subspace of Ω
∗(L˜) formed by the
square integrable elements.
Theorem 1.1. (Schmid).
Let λ ∈ Ĝd.
(i) Hk(2)(G · λ, L˜) = 0 if k 6= dim(G/K)2 .
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(ii) If k = dim(G/K)2 , then H
k
(2)(G · λ, L˜) is the irreducible representation Hλ.
So, the representation Hλ is the quantization of the coadjoint orbit G · λ beeing
the index of the Dolbeault-Dirac operator ∂L˜ + ∂
∗
L˜ (in the L
2 sense and modulo
(−1) dim(G/K)2 ). In the next subsection, we briefly recall the ‘quantization commutes
with reduction’ principle of Guillemin-Sternberg, and in subsection 1.4 we state our
main result.
1.3. Quantization commutes with reduction. Let M be a Hamiltonian K-
manifold with symplectic form ω and moment map Φ : M → k∗. The coadjoint
orbits G · λ introduced earlier are the key examples here. Each is equipped with
its Kirillov-Kostant-Souriau symplectic form ω, and the action of G is Hamiltonian
with moment map G·λ →֒ g∗ equal to the inclusion. LetK be the maximal compact
Lie subgroup of G introduced in subsection 1.2. The induced action of K on G · λ
is Hamiltonian, and the corresponding moment map Φ : G · λ→ k∗ is equal to the
composition of the inclusion G · λ →֒ g∗ with the projection g∗ → k∗.
In the process of quantization one tries to associate a unitary representation of
K to the data (M,ω,Φ). In this general framework, when M is compact and under
certain integrability conditions, we associate to these data a virtual representation
of K defined as the equivariant index of a Spinc Dirac operator: it’s the Spinc
quantization. We need two auxilliary data :
(i) A prequantum line bundle L → M : it is a K-equivariant Hermitian line
bundle equipped with K-invariant connection whose curvature form is −i ω.
(ii) A K-invariant almost complex structure J on M , compatible with the sym-
plectic structure: (v, w) 7→ ω(v, Jw) defines a metric.
One considers then the K-equivariant Spinc Dirac operator DL corresponding
to the Spinc structure on M defined by J , and twisted by the line bundle L [25,
14]. The Spinc-quantization of (M,ω,Φ) is the equivariant index of the differential
operator DL
RR
K
(M,L) := IndexKM (DL) ∈ R(K) ,
where R(K) is the representation ring of K. When K is reduced to {e}, the Spinc-
quantization of (M,ω) is just an integer: RR(M,L) ∈ Z.
A fundamental result of Marsden-Weinstein asserts that if ξ ∈ k∗ is a regular
value of the moment map Φ, the reduced space
Mξ := Φ
−1(ξ)/Kξ ∼= Φ−1(K · ξ)/K
is an orbifold equipped with a symplectic structure ωξ (which one calls also sym-
plectic quotient). For any dominant weight µ ∈ Λ∗+ which is a regular value of
Φ,
Lµ := (L|Φ−1(µ) ⊗ C−µ)/Kµ
is a prequantum orbifold-line bundle over (Mµ, ωµ). The definition of Spin
c-index
carries over to the orbifold case, hence RR(Mµ, Lµ) ∈ Z is defined. In [29], this
is extended further to the case of singular symplectic quotients, using partial (or
shift) desingularization. So the integer RR(Mµ, Lµ) ∈ Z is well defined for every
µ ∈ Λ∗+.
The following Theorem was conjectured by Guillemin-Sternberg [16] and is known
as “quantization commutes with reduction” [28, 29].
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Theorem 1.2. (Meinrenken, Meinrenken-Sjamaar). Let (M,ω,Φ) be a compact
Hamiltonian K-manifold prequantized by L. Let RR
K
(M,−) be the equivariant
Riemann-Roch character defined by means of a compatible almost complex structure
on M . We have the following equality in R(K)
RR
K
(M,L) =
∑
µ∈Λ∗+
RR(Mµ, Lµ)χKµ .
Remark 1.3. For a compact Hamiltonian K-manifold (M,ω,Φ), the Convexity
Theorem [23] asserts that ∆ := Φ(M)∩t∗+ is a convex rational polytope. In Theorem
1.2, we have RR(Mµ, Lµ) = 0 if µ /∈ ∆.
Other proofs can be found in [33, 40]. For an introduction and further references
see [37, 43].
A natural question is to extend Theorem 1.2 to the non-compact Hamiltonian
K-manifolds which admit a proper moment map. In this situation, the reduced
space Mξ := Φ
−1(ξ)/Kξ is compact for every ξ ∈ k∗, so the integer RR(Mµ, Lµ) ∈
Z, µ ∈ Λ∗+, can be defined like before.
Conjecture 1.4. Let (M,ω,Φ) be a Hamiltonian K-manifold with proper moment
map, and prequantized by L. Let ∂L + ∂
∗
L be the Dolbeault-Dirac operator defined
by means of a K-invariant compatible almost complex structure, and K-invariant
metric on M and L. Then
L2 − IndexK
(
∂L + ∂
∗
L
)
=
∑
µ∈Λ∗+
RR(Mµ, Lµ)χKµ .
We present in the next subsection the central result of this paper that shows
that Conjecture 1.4 is true, apart from a ρc-shift, for the coadjoint orbits that
parametrize the discrete series.
1.4. The results. Consider the Hamiltonian action of K on the coadjoint orbit
G ·λ. Since G ·λ is closed in g∗, the moment map Φ : G ·λ→ k∗ is proper [32]. Our
main Theorem can be stated roughly as follows.
Theorem 1.5. Let mµ(λ), µ ∈ Λ∗+, be the K-multiplicities of the representation
Hλ|K . For µ ∈ Λ∗+ we have:
(i) If µ+ ρc is a regular value of Φ, the orbifold (G · λ)µ+ρc := Φ−1(µ + ρc)/T ,
oriented by its symplectic form ωµ+ρc , carries a Spin
c structure such that
mµ(λ) = Q ((G · λ)µ+ρc ) ,
where the RHS is the index of the corresponding Spinc Dirac operator on the reduced
space (G · λ)µ+ρc .
(ii) In general, one can define an integer Q ((G · λ)µ+ρc ) ∈ Z, as the index of a
Spinc Dirac operator on a reduced space (G · λ)ξ where ξ is a regular value of Φ,
close enough to µ+ ρc. We still have mµ(λ) = Q (Mµ+ρc).
Our Theorem states that the decomposition of Θλ|K into K-irreducible compo-
nents follows the philosophy of Guillemin-Sternberg:
(1) Θλ|K =
∑
µ∈Λ∗+
Q ((G · λ)µ+ρc ) χKµ .
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We know from Theorem 1.1 that Θλ|K = (−1) dim(G/K)2 L2 − IndexK (∂L˜+∂
∗
L˜), hence
Theorem 1.5 states also that
(2) L2 − IndexK (∂L˜ + ∂
∗
L˜) = (−1)
dim(G/K)
2
∑
µ∈Λ∗+
Q ((G · λ)µ+ρc) χKµ .
The main difference between Conjecture 1.4 and Theorem 1.5 is the ρc-shift and
the choices of Spinc structure on the symplectic quotients Mµ and (G · λ)µ+ρc .
The ρc-shift is due to the fact that the line bundle L˜ is not a prequantum line
bundle over (G · λ, ω). The difference on the choice of Spinc structure comes from
the fact that the complex structure J on G ·λ is not compatible with the symplectic
structure (unless G = K is compact). Hence J does not descend to the symplectic
reductions (G · λ)µ+ρc in general: the choice of the Spinc structure on them need
some care (see Propositions 4.10 and 4.11).
Remark 1.6. For a Hamiltonian K-manifold M with proper moment map Φ, the
Convexity Theorem [23, 26, 38] asserts that ∆ := Φ(M) ∩ t∗+ is a convex rational
polyhedron. In Theorem 1.5, we have Q((G · λ)µ+ρc ) = 0 if µ+ ρc does not belong
to the relative interior of ∆ (see Prop. 2.4).
1.5. Outline of the Proof. We have to face the following difficulties:
[1] The symplectic manifold G · λ is not compact.
[2] The complex structure on G · λ is not compatible with the symplectic form
ω. In other words, the Kirillov-Kostant-Souriau symplectic form does not define a
Ka¨hler structure on G · λ unless G = K is compact.
[3] The line bundle L˜ is not a prequantum line bundle over (G · λ, ω). It’s what
we call in the rest of this paper a κ-prequantum1 line bundle over (G · λ, ω, J): if
κ denotes the canonical line bundle of (G · λ, J), the tensor product L˜2 ⊗ κ−1 is a
prequantum line bundle over (G · λ, 2ω).
The first step of the proof is to solve the difficulties [2] and [3] in the compact
situation. In Section 2, we give a modified version of Theorem 1.2 when (M,ω,Φ)
is a compact Hamiltonian K-manifold which is equipped with an almost complex
structure J - not necessarily compatible with ω - and a κ-prequantum line bundle
L˜.
Theorem 1.7. Let RR
K
(M,−) be the Riemann-Roch character defined by J . If
the infinitesimal stabilizers for the action of K on M are Abelian, we have
(3) RR
K
(M, L˜) = ε
∑
µ∈Λ∗+
Q(Mµ+ρc)χ
K
µ
,
where ε = ±1 is the ‘quotient’ of the orientations induced by the almost complex
structure, and the symplectic form.
In (3), the integer Q(Mµ+ρc) are computed like in Theorem 1.5 (see Def. 2.4 for
a more precise definition).
In the second step of the proof, we extend (3) to a non-compact setting. Instead
of working with the L2-Index, we define in Section 3 a generalized Riemann-Roch
character RR
K
Φ (M,−) when (M,ω,Φ) is a Hamiltonian manifold such that the
1Formally, L˜ is the tensor product of a prequantum line bundle over (G · λ, ω) with a square
root of κ.
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function ‖ Φ ‖2: M → R has a compact set of critical points. For every K-
vector bundle E → M , the distribution RRKΦ (M,E) is defined as the index of a
transversally elliptic operator on M [1]. When the manifold is compact, the maps
RR
K
Φ (M,−) and RR
K
(M,−) coincide.
We prove in Section 4 that Theorem 1.7 generalizes to
Theorem 1.8. Let (M,ω,Φ) be a Hamiltonian K-manifold with proper moment
map and such that the function ‖ Φ ‖2: M → R has a compact set of critical points.
If the infinitesimal stabilizers are Abelian, and under Assumption 3.6, we have
(4) RR
K
Φ (M, L˜) = ε
∑
µ∈Λ∗+
Q(Mµ+ρc)χKµ ,
for every κ-prequantum line bundle.
In contrast to (3), the RHS of (4) is in general an infinite sum. Assumption
3.6 is needed to control the data on the non-compact manifold M : it asserts in
particular that for any coadjoint orbit O of K, the square of the moment map
ΦO :M ×O → k∗, (m, ξ) 7→ Φ(m)− ξ, has a compact set of critical points.
In the final section we consider, for λ ∈ Ĝd, the case of the coadjoint orbit G · λ
with the Hamiltonian K-action. The moment map Φ is proper and the critical set
of ‖ Φ ‖2 coincides with K · λ, hence is compact. Thus the generalized Riemann-
Roch character RR
K
Φ (G ·λ,−) is well defined, and we want to investigate the index
RR
K
Φ (M, L˜) for the κ-prequantum line bundle L˜ := G×T Cλ−ρ.
On one hand we are able to compute RR
K
Φ (G · λ, L˜) explicitly in term of the
holomorphic induction map Hol
K
T
. Let p be the orthogonal complement of k in g. It
inherits a complex structure and an action of the torus T . The element ∧•
C
p ∈ R(T )
admits a polarized inverse [∧•
C
p]−1λ ∈ R−∞(T ) (see [33][Section 5]). In Subsection
5.2 we prove that
(5) RR
K
Φ (G · λ, L˜) = (−1)
dim(G/K)
2 Hol
K
T
(
tλ−ρc+ρn [∧•Cp]−1λ
)
,
where ρn = ρ−ρc is half the sum of the non-compact roots. On the other hand, we
show (Lemma 5.4) that the Blattner formulas can be reinterpreted through Hol
K
T
as follows:
(6) Θλ|K = Hol
K
T
(
tλ−ρc+ρn [∧•Cp]−1λ
)
.
From (5) and (6) we obtain
(7) RR
K
Φ (G · λ, L˜) = (−1)
dim(G/K)
2 Θλ|K = L2 − IndexK (∂L˜ + ∂
∗
L˜).
Since in this context ε = (−1) dim(G/K)2 , the Theorem follows from (4) and (7),
provided one verifies that Assumption 3.6 holds for G · λ. This is done in the final
subsection of this paper.
Acknowledgments. I would like to thank Miche`le Vergne for suggesting this
problem, and helpful discussions.
Notation
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Throughout the paper, K will denote a compact, connected Lie group, and k
its Lie algebra. In Sections 2, 3, and 4, we consider a K-Hamiltonian action on a
manifold M . And we use there the following notation.
T : maximal torus of K with Lie algebra t
W : Weyl group of (K,T )
Λ = ker(exp : t→ T ) : integral lattice of t
Λ∗ = hom(Λ, 2πZ) : real weight lattice
t∗+, ρc : Weyl chamber and corresponding half sum of the positive roots
Λ∗+ = Λ
∗ ∩ t∗+ : set of positive weights
χK
µ
: character of the irreducible K-representation with highest weight
µ ∈ Λ∗+
Tβ : subtorus of T generated by β ∈ t
Mγ : submanifold of points fixed by γ ∈ k
TM : tangent bundle of M
TKM : set of tangent vectors orthogonal to the K-orbits in M
Φ : moment map
L˜ : κ-prequantum line bundle
C˜[µ] = K ×T Cµ : κ-prequantum line bundle over the coadjoint orbit K ·
(µ+ ρc)
Cr(‖ Φ ‖2) : critical set of the function ‖ Φ ‖2
∆ = Φ(M) ∩ t∗+ : moment polytope
H : vector field generated by Φ
mµ(E) : multiplicity of RR
K
Φ (M,E) relatively to µ ∈ Λ∗+.
In the final section, we consider the particular case of the K-action onM := G·λ.
Here G is a connected real semi-simple Lie group with finite center admitting K as
a maximal compact subgroup, and T as a compact Cartan subgroup.
Let us recall the definition of the holomorphic induction map Hol
K
T
. Every
µ ∈ Λ∗ defines a 1-dimensional T -representation, denoted Cµ, where t = expX
acts by tµ := ei〈µ,X〉. We denote by R(K) (resp. R(T )) the ring of charac-
ters of finite-dimensional K-representations (resp. T -representations). We denote
R−∞(K) (resp. R−∞(T )) the set of generalized characters of K (resp. T ). An
element χ ∈ R−∞(K) is of the form χ = ∑µ∈Λ∗+ mµ χKµ , where µ 7→ mµ,Λ∗+ → Z
has at most polynomial growth. Likewise, an element χ ∈ R−∞(T ) is of the form
χ =
∑
µ∈Λ∗ mµ t
µ, where µ 7→ mµ,Λ∗ → Z has at most polynomial growth. We
denote w ◦ µ = w(µ + ρc) − ρc the affine action of the Weyl group on Λ∗. The
holomorphic induction map
Hol
K
T
: R−∞(T ) −→ R−∞(K)
is characterized by the following properties:
i) Hol
K
T
(tµ) = χK
µ
for every µ ∈ Λ∗+,
ii) Hol
K
T
(tw◦µ) = (−1)wHolK
T
(tµ) for every w ∈ W and µ ∈ Λ∗,
iii) Hol
K
T
(tµ) = 0 if W ◦ µ ∩ Λ∗+ = ∅.
2. Spinc-quantization of compact Hamiltonian K-manifolds
In this Section we give a modified version of the ‘quantization commutes with
reduction’ principle.
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Let M be a compact Hamiltonian K-manifold with symplectic form ω and mo-
ment map Φ :M → k∗ characterized by the relation d〈Φ, X〉 = −ω(XM ,−), where
XM is the vector field on M generated by X ∈ k : XM (m) := ddt exp(−tX).m|t=0,
for m ∈M .
Let J be a K-invariant almost complex structure on M which is not assumed to
be compatible with the symplectic form. We denote RR
K
(M,−) the Riemann-Roch
character defined by J . Let us recall the definition of this map.
Let E → M be a complex K-vector bundle. The almost complex structure on
M gives the decomposition ∧T∗M⊗C = ⊕i,j ∧i,jT∗M of the bundle of differential
forms. Using Hermitian structure in the tangent bundle TM of M , and in the
fibers of E, we define a Dolbeault-Dirac operator ∂E + ∂
∗
E : A0,even(M,E) →
A0,odd(M,E), where Ai,j(M,E) := Γ(M,∧i,jT∗M ⊗C E) is the space of E-valued
forms of type (i, j). The Riemann-Roch character RR
K
(M,E) is defined as the
index of the elliptic operator ∂E + ∂
∗
E :
RR
K
(M,E) = IndexKM (∂E + ∂
∗
E) ∈ R(K)
viewed as an element of R(K), the character ring of K. An alternative definition
goes as follows. The almost complex structure defines a canonical invariant Spinc
structure2. The Spinc Dirac operator ofM with coefficient in E has the same prin-
cipal symbol as
√
2(∂E+∂
∗
E) (see e.g. [14]), and therefore has the same equivariant
index.
In the Kostant-Souriau framework,M is prequantized if there is a K-equivariant
Hermitian line bundle L with a K-invariant Hermitian connection ∇L of curvature
−i ω. The line bundle L is called a prequantum line bundle for the Hamiltonian
K-manifold (M,ω,Φ). Recall that the data (∇L,Φ) are related by the Kostant
formula
(2.1) LL(X)−∇LXM = i〈Φ, X〉, X ∈ k .
Here LL(X) is the infinitesimal action of X on the section of L→M .
The tangent bundle TM endowed with J is a complex vector bundle over M ,
and we consider its complex dual T∗CM := homC(TM,C). We suppose first that
the canonical line bundle κ := detT∗CM admits a K-equivariant square root κ
1/2.
If M is prequantized by L, a standard procedure in the geometric quantization
literature is to tensor L by the bundle of half-forms κ1/2 [45]. We consider the
index RR
K
(M,L ⊗ κ1/2) instead of RRK (M,L). In many contexts, the tensor
product L˜ = L⊗ κ1/2 has a meaning even if L nor κ1/2 exist.
Definition 2.1. An Hamiltonian K-manifold (M,ω,Φ), equipped with an almost
complex structure, is κ-prequantized by an equivariant line bundle L˜ if L2ω :=
L˜2 ⊗ κ−1 is a prequantum line bundle for (M, 2ω, 2Φ).
The basic examples are the regular coadjoint orbits of K. For any µ ∈ Λ∗+,
consider the regular coadjoint orbit Oµ+ρc := K · (µ + ρc) with the compatible
complex structure. The line bundle C˜[µ] = K ×T Cµ is a κ-prequantum line bundle
over Oµ+ρc , and we have
(2.2) RR
K
(Oµ+ρc , C˜[µ]) = χKµ
2See subsection 4.1 for a short review on the notion of Spinc structure.
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for any µ ∈ Λ∗+.
Definition 2.1 can be rewritten in the Spinc setting (see subsection 4.1 for a brief
review on Spinc-structures). The almost complex structure induces a Spinc struc-
ture P with canonical line bundle detCTM = κ
−1. If (M,ω, J) is κ-prequantized
by L˜ one can twist P by L˜, and then define a new Spinc structure with canonical
line bundle κ−1 ⊗ L˜2 = L2ω (see Lemma 4.2).
Definition 2.2. A symplectic manifold (M,ω) is Spinc-prequantized if there exists
a Spinc structure with canonical line bundle L2ω which is a prequantum line bundle
on (M, 2ω). If a compact Lie group acts on M , the Spinc-structure is required to
be equivariant. Here we take the symplectic orientation on M .
When (M,ω, J) is κ-prequantized by L˜, one wants to compute theK-multiplicities
of RR
K
(M, L˜) in geometrical terms, like in Theorem 1.2.
Definition 2.3. An element ξ ∈ k∗ is a quasi-regular value of Φ if all the Kξ-
orbits in Φ−1(ξ) have the same dimension. A quasi-regular value is generic if the
submanifold Φ−1(ξ) is of maximal dimension.
For any quasi-regular value ξ ∈ k∗, the reduced space Mξ := Φ−1(ξ)/Kξ is
an orbifold equipped with a symplectic structure ωξ. Let L˜ be a κ-prequantum
line bundle over M , and let L2ω := L˜
2 ⊗ κ−1 be the corresponding prequantum
line bundle for (M, 2ω). For any dominant weight µ ∈ Λ∗+ such that µ + ρc is a
quasi-regular value of Φ,
(L2ω|Φ−1(µ+ρc) ⊗ C−2(µ+ρc))/T
is a prequantum orbifold-line bundle over (Mµ+ρc , 2ωµ+ρc).
The following Proposition is the main point for computing the K-multiplicities
of RR
K
(M, L˜) in terms of the reduced spaces Mµ+ρc := Φ
−1(µ + ρc)/T , µ ∈ Λ∗+.
It deals with the coherence of the definition of an integer valued map µ ∈ Λ∗+ 7→
Q(Mµ+ρc). In the next proposition we suppose that (M,ω,Φ) is a Hamiltonian
K-manifold with proper moment map. The set Φ(M)∩ t∗+ is denoted by ∆. By the
Convexity Theorem [23, 26, 38] it is a convex rational polyhedron, referred to as
the moment polyhedron.
Definition-Proposition 2.4. Let (M,ω,Φ) be a Hamiltonian K-manifold, with
proper moment map. We denote ∆o the relative interior of the moment polyhedron
∆ := Φ(M)∩t∗+. Let L˜ be a κ-prequantum line bundle relative to an almost complex
structure J . Let µ ∈ Λ∗+.
• If µ+ ρc /∈ ∆o, we set Q(Mµ+ρc) = 0.
• If µ + ρc is a generic quasi-regular value of Φ, then the Spinc prequanti-
zation defined by the data (J, L˜) induces a Spinc prequantization on the
symplectic quotient (Mµ+ρc , ωµ+ρc). We denote Q(Mµ+ρc) ∈ Z the index
of the corresponding Spinc Dirac operator.
• If µ + ρc ∈ ∆o, we take ξ generic and quasi-regular sufficiently close to
µ+ ρc. The reduced space Mξ := Φ
−1(ξ)/T inherits a Spinc-structure with
canonical line bundle (L2ω|Φ−1(ξ)⊗C−2(µ+ρc))/T . The index Q(Mξ) of the
corresponding Spinc Dirac operator on Mξ does not depend of ξ, when ξ is
sufficiently close to µ+ ρc : it is denoted Q(Mµ+ρc).
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When ξ = µ + ρc is a generic quasi-regular of Φ, the line bundle (L2ω|Φ−1(ξ) ⊗
C−2(µ+ρc))/T is a prequantum line bundle over (Mµ+ρc , 2ωµ+ρc): so the second
point of this ‘definition’ is in fact a particular case of the third point. But we prefer
to keep it since it outlines the main point: Spinc prequantization is preserved under
symplectic reductions.
The existence of Spinc-structures on symplectic quotient is proved in Subsection
4.2. The hard part is to show that the index Q(Mξ) does not depend of ξ, for ξ
sufficiently close to µ+ ρc: it is done in Subsection 4.3.
Note that Definition 2.4 becomes trivial when ∆o is not included in the interior
of the Weyl chamber: Q(Mµ+ρc) = 0 for all µ ∈ Λ∗+. However, in this paper we
work under the assumption that the infinitesimal stabilizers for the K-action are
Abelian. And that imposes ∆o ⊂ Interior{Weyl chamber} (see Lemma 4.9).
The following ‘quantization commutes with reduction’ Theorem holds for the κ-
prequantum line bundles.
Theorem 2.5. Let (M,ω,Φ) be a compact Hamiltonian K-manifold equipped with
an almost complex structure J . Let L˜ be a κ-prequantum line bundle over M , and
let RR
K
(M,−) be the Riemann-Roch character defined by J . If the infinitesimal
stabilizers for the action of K on M are Abelian, we have the following equality in
R(K)
(2.3) RR
K
(M, L˜) = ε
∑
µ∈Λ∗+
Q(Mµ+ρc)χ
K
µ
,
where ε = ±1 is the ‘quotient’ of the orientations defined by the almost complex
structure, and by the symplectic form.
Theorem 2.5 will be proved in a stronger form in Section 4.
Let us now give an example where the stabilizers for the action of K on M
are not Abelian, and where (2.3) does not hold. Suppose that the group K is not
Abelian, so we can consider a face σ 6= {0} of the Weyl chamber. Let ρc,σ be half
the sum of the positive roots which vanish on σ, and consider the coadjoint orbit
M := K ·(ρc−ρc,σ) equipped with its compatible complex structure. Since ρc−ρc,σ
belongs to σ, the trivial line bundleM×C→M is κ-prequantum, and the image of
the moment map Φ : M → k∗ does not intersect the interior of the Weyl chamber.
So Mµ+ρc = ∅ for every µ, thus the RHS of (2.3) is equal to zero. But the LHS of
(2.3) is RR
K
(M,C) which is equal to 1, the character of the trivial representation.
✷
Theorem 2.5 can be extended in two directions. First one can bypass the con-
dition on the stabilizers by the following trick. Starting from a κ-prequantum line
bundle L˜ → M , one can form the product M × (K · ρc) with the coadjoint orbit
through ρc. The Kunneth formula gives
RR
K
(M × (K · ρc), L˜⊠ C) = RRK (M, L˜)⊗RRK (K · ρc,C) = RRK (M, L˜)
since RR
K
(K · ρc,C) = 1. Now we can apply Theorem 2.5 to compute the multi-
plicities of RR
K
(M × (K · ρc), L˜ ⊠ C) since L˜ ⊠ C is a κ-prequantum line bundle
overM × (K · ρc), and the stabilizers for the K-action on M × (K · ρc) are Abelian.
Finally we see that the multiplicity of the irreducible representation with highest
weight µ in RR
K
(M, L˜) is equal to εQ((M × (K · ρc))µ+ρc ).
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On the other hand, we can extend Theorem 2.5 to the Spinc setting. It will be
treated in a forthcoming paper.
3. Quantization of non-compact Hamiltonian K-manifolds
In this section (M,ω,Φ) denotes a HamiltonianK-manifold, not necessarily com-
pact, but with proper moment map Φ. Let J be an almost complex structure on
M , and let L˜ be a κ-prequantum line bundle over (M,ω, J) (see Def. 2.1). From
Proposition 2.4 the infinite sum
(3.4)
∑
µ∈Λ∗+
Q(Mµ+ρc)χKµ
is a well defined element of R̂(K) := homZ(R(K),Z).
The aim of this section is to realize this sum as the index of a transversally
elliptic symbol naturally associated to the data (M,Φ, J, L˜).
3.1. Transversally elliptic symbols. Here we give the basic definitions of the
theory of transversally elliptic symbols (or operators) defined by Atiyah in [1]. For
an axiomatic treatment of the index morphism see Berline-Vergne [9, 10] and for a
short introduction see [33].
Let M be a compact K-manifold. Let p : TM → M be the projection, and let
(−,−)M be a K-invariant Riemannian metric. If E0, E1 are K-equivariant vector
bundles overM , a K-equivariant morphism σ ∈ Γ(TM, hom(p∗E0, p∗E1)) is called
a symbol. The subset of all (m, v) ∈ TM where σ(m, v) : E0m → E1m is not invertible
is called the characteristic set of σ, and is denoted by Char(σ).
Let TKM be the following subset of TM :
TKM = {(m, v) ∈ TM, (v,XM (m))M = 0 for all X ∈ k} .
A symbol σ is elliptic if σ is invertible outside a compact subset of TM (Char(σ)
is compact), and is transversally elliptic if the restriction of σ to TKM is invertible
outside a compact subset ofTKM (Char(σ)∩TKM is compact). An elliptic symbol
σ defines an element in the equivariant K-theory of TM with compact support,
which is denoted by KK(TM), and the index of σ is a virtual finite dimensional
representation of K [4, 5, 6, 7].
A transversally elliptic symbol σ defines an element of KK(TKM), and the
index of σ is defined as a trace class virtual representation of K (see [1] for the
analytic index and [9, 10] for the cohomological one). Remark that any elliptic
symbol ofTM is transversally elliptic, hence we have a restriction mapKK(TM)→
KK(TKM), and a commutative diagram
(3.5) KK(TM) //
IndexKM

KK(TKM)
IndexKM

R(K) // R−∞(K) .
Using the excision property, one can easily show that the index map IndexKU :
KK(TKU)→ R−∞(K) is still defined when U is a K-invariant relatively compact
open subset of a K-manifold (see [33][section 3.1]).
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3.2. Thom symbol deformed by the moment map. To a K-invariant almost
complex structure J one associates the Thom symbol Thom
K
(M,J), and the cor-
responding Riemann-Roch character RR
K
when M is compact [33]. Let us recall
the definitions.
Consider a K-invariant Riemannian metric q on M such that J is orthogonal
relatively to q, and let h be the Hermitian structure on TM defined by : h(v, w) =
q(v, w)− iq(Jv, w) for v, w ∈ TM . The symbol
Thom
K
(M,J) ∈ Γ (M, hom(p∗(∧evenC TM), p∗(∧oddC TM)))
at (m, v) ∈ TM is equal to the Clifford map
(3.6) Clm(v) : ∧evenC TmM −→ ∧oddC TmM,
where Clm(v).w = v ∧ w − ch(v).w for w ∈ ∧•CTxM . Here ch(v) : ∧•CTmM →
∧•−1TmM denotes the contraction map relative to h. Since the map Clm(v) is
invertible for all v 6= 0, the symbol ThomK (M,J) is elliptic when M is compact.
The important point is that for any K-vector bundle E, Thom
K
(M,J) ⊗ p∗E
corresponds to the principal symbol of the twisted Spinc Dirac operator DE [14].
So, when M is a compact manifold, the Riemann-Roch character RR
K
(M,−) :
KK(M)→ R(K) is defined by the following relation
(3.7) RR
K
(M,E) = IndexKM (ThomK (M,J)⊗ p∗E) .
Since the class of Thom
K
(M,J) in KK(TM) is independent of the choice of the
Riemannian structure, the Riemann-Roch character RR
K
(M,−) also does not de-
pend on this choice.
Consider now the case of a non-compact Hamiltonian K-manifold (M,ω,Φ). We
choose a K-invariant scalar product on k∗, and we consider the function ‖ Φ ‖2:
M → R. Let H be the Hamiltonian vector field for −12 ‖ Φ ‖2, i.e. the contraction
of the symplectic form by H is equal to the 1-form −12 d ‖ Φ ‖2. In fact the vector
field H only depends on Φ. The scalar product on k∗ gives an identification k∗ ≃ k,
hence Φ can be consider as a map from M to k. We have then
(3.8) Hm = (Φ(m))M |m, m ∈M ,
where (Φ(m))M is the vector field on M generated by Φ(m) ∈ k.
Definition 3.1. The Thom symbol deformed by the moment map, which is denoted
by ThomΦ
K
(M,J), is defined by the relation
ThomΦ
K
(M,J)(m, v) := Thom
K
(M,J)(m, v −Hm)
for any (m, v) ∈ TM . Likewise, any equivariant map S : M → k defines a
Thom symbol ThomS
K
(M,J) deformed by the vector field SM : m → S(m)M |m
: ThomS
K
(M,J)(m, v) := Thom
K
(M,J)(m, v − SM (m)).
Atiyah first proposed to ‘deform’ the symbol of an elliptic operator by the vector
field induced by an S1-action in order to localize its index on the fixed point sub-
manifold, giving then another proof of the Lefschetz fixed-point theorem [1][Lecture
6]. Afterwards the idea was exploited by Vergne to give a proof of the ‘quantiza-
tion commutes with reduction’ theorem in the case of an S1-action [42]. In [33], we
extended this procedure for an action of a compact Lie group. Here, we use this
idea to produce a transversally elliptic symbol on a non-compact manifold.
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The characteristic set of ThomΦ
K
(M,J) corresponds to {(m, v) ∈ TM, v = Hm},
the graph of the vector field H. Since H belongs to the set of tangent vectors to
the K-orbits, we have
Char
(
ThomΦ
K
(M,J)
)
∩TKM = {(m, 0) ∈ TM, Hm = 0}
∼= {m ∈M, d ‖ Φ ‖2m= 0} .
Therefore the symbol ThomΦ
K
(M,J) is transversally elliptic if and only if the set
Cr(‖ Φ ‖2) of critical points of the function ‖ Φ ‖2 is compact.
Definition 3.2. Let (M,ω,Φ) be a Hamiltonian K-manifold with Cr(‖ Φ ‖2) com-
pact. For any invariant almost complex structure J , the symbol ThomΦ
K
(M,J)
is transversally elliptic. For any K-vector bundle E → M , the tensor product
ThomΦ
K
(M,J)⊗ p∗E is transversally elliptic and we denote by
RR
K
Φ (M,E) ∈ R−∞(K)
its index3. In the same way, an equivariant map S : M → k defines a transver-
sally elliptic symbol ThomS
K
(M,J) if and only if {m ∈ M, SM (m) = 0} is com-
pact. If this holds one defines the localized Riemann-Roch character RR
K
S (M,E) :=
IndexKM (Thom
S
K
(M)⊗ p∗E).
Remark 3.3. If M is compact the symbols ThomK (M,J) and Thom
Φ
K
(M,J) are
homotopic as elliptic symbols, thus the maps RR
K
(M,−) and RRKΦ (M,−) coincide
(see section 4 of [33]).
We end up this subsection with some technical remarks about the symbols
ThomS
K
(M,J) associated to an equivariant map S :M → k, and an almost complex
structure.
Let U be a K-invariant open subspace of M . The restriction ThomS
K
(M,J)|U =
ThomS
K
(U , J) is transversally elliptic if and only if {m ∈ M, SM (m) = 0} ∩ U is
compact. Let j
U,V
: U →֒ V be two K-invariant open subspaces of M , where jU,V
denotes the inclusion. If {m ∈ M, SM (m) = 0} ∩ U = {m ∈ M, SM (m) = 0} ∩ V
is compact, the excision property tells us that
j
U,V
∗
(
ThomS
K
(U , J)
)
= ThomS
K
(V , J) ,
where j
U,V
∗ : KK(TKU)→ KK(TKV) is the pushforward map (see [33][Section 3]).
Lemma 3.4. (1) If {m ∈ M, SM (m) = 0} ∩ U is compact, then the class
defined by ThomS
K
(U , J) in KK(TKU) does not depend on the choice of a
Riemannian metric.
3Here we take a K-invariant relatively compact open subset U of M such that Cr(‖ Φ ‖2) ⊂ U .
Then the restriction of ThomΦ
K
(M, J) to U defines a class ThomΦ
K
(M, J)|U ∈ KK(TKU). Since
the index map is well defined on U , one sets RR
K
Φ
(M,E) := IndexKU (Thom
Φ
K
(M, J)|U ⊗ p
∗E|U).
A simple application of the excision property shows us that the definition does not depend on the
choice of U . In order to simplify our notation (when the almost complex structure is understood),
we write RR
K
Φ
(M,E) := IndexKM (Thom
Φ
K
(M)⊗ p∗E).
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(2) Let S0, S1 : M → k be two equivariant maps. Suppose there exist an open
subset U ⊂M , and a vector field θ on U such that (S0M , θ)M and (S1M , θ)M
are > 0 outside a compact subset K of U . Then, the equivariant symbols
ThomS
1
K
(U , J) and ThomS0
K
(U , J) are transversally elliptic and define the
same class in KK(TKU).
(3) Let J0, J1 be two almost complex structures on U , and suppose that
{m ∈ M, SM (m) = 0} ∩ U is compact. The transversally elliptic symbols
ThomS
K
(U , J0) and ThomS
K
(U , J1) define the same class if there exists a
homotopy J t, t ∈ [0, 1] of K-equivariant almost complex structures between
J0 and J1.
Proof. Two J-invariant Riemannian metrics q0, q1 are connected by qt :=
(1 − t)q0 + tq1. Hence the transversally elliptic symbols ThomSK (U , J, q0) and
ThomS
K
(U , J, q1) are tied by the homotopy t 7→ ThomSK (U , J, qt). The point 1. is
then proved. The proof of 2. is similar to our deformation process in [31]. Here we
consider the maps St := tS1 + (1− t)S0, t ∈ [0, 1], and the corresponding symbols
ThomS
t
K
(U , J). The vector field θ, ensures that Char(ThomSt
K
(U , J)) ∩ TKU ⊂ K
is compact. Hence t → ThomSt
K
(U , J) defines a homotopy of transversally elliptic
symbols. The proof of 3. is identical to the proof of Lemma 2.2 in [33]. ✷
Corollary 3.5. When {m ∈M, SM (m) = 0} is compact, the generalized Riemann-
Roch character RR
K
S (M,−) does not depend on the choice of a Riemannian metric.
RR
K
S (M,−) does not change either if the almost complex structure is deformed
smoothly and equivariantly in a neighborhood of {m ∈M, SM (m) = 0}.
In Subsections 3.3 and 3.4, we set up the technical preliminaries that are needed
to compute the K-multiplicity of RR
K
Φ (M, L˜).
In Section 4, we compute the K-multiplicity of RR
K
Φ (M, L˜), when the moment
map is is proper, in terms of the symplectic quotients Mµ+ρc , µ ∈ Λ∗+.
3.3. Counting the K-multiplicities. Let E be a K-vector bundle over a Hamil-
tonian manifold (M,ω,Φ) and suppose that Cr(‖ Φ ‖2) is compact. One wants
to compute the K-multiplicities of RR
K
Φ (M,E) ∈ R−∞(K), i.e. the integers
mµ(E) ∈ Z, µ ∈ Λ∗+ such that
(3.9) RR
K
Φ (M,E) =
∑
µ∈Λ∗+
mµ(E)χKµ .
For this purpose one use the classical ‘shifting trick’. By definition, one has
mµ(E) = [RR
K
Φ (M,E) ⊗ V ∗µ ]K , where Vµ is the irreducible K-representation with
highest weight µ, and V ∗µ is its dual. We know from (2.2) that the K-trace of Vµ is
χK
µ
= RR
K
(Oµ˜, C˜[µ]), where
(3.10) µ˜ = µ+ ρc .
Hence theK-trace of the dual V ∗µ is equal to RR
K
(Oµ˜, C˜[−µ]), whereOµ˜ is the coad-
joint orbit Oµ˜ with opposite symplectic structure and opposite complex structure.
Let Thom
K
(Oµ˜) be the equivariant Thom symbol on Oµ˜. Then the trace of V ∗µ is
equal to IndexKOµ˜(ThomK (Oµ˜) ⊗ C˜[−µ]), and finally the multiplicative property of
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the index [1][Theorem 3.5] gives
mµ(E) =
[
IndexKM×Oµ˜
(
(ThomΦ
K
(M)⊗ p∗E)⊙ (Thom
K
(Oµ˜)⊗ C˜[−µ])
)]K
.
See [1, 33], for the definition of the exterior product ⊙ : KK(TKM)×KK(TOµ˜)→
KK(TK(M ×Oµ˜)).
The moment map relative to the Hamiltonian K-action on M ×Oµ˜ is
Φµ˜ :M ×Oµ˜ −→ k∗
(m, ξ) 7−→ Φ(m)− ξ(3.11)
For any t ∈ R, we consider the map Φtµ˜ : M×Oµ˜ → k∗, Φtµ˜(m, ξ) := Φ(m)−t ξ.
Assumption 3.6. There exists a compact subset K ⊂ M , such that, for every
t ∈ [0, 1], the critical set of the function ‖ Φtµ˜ ‖2: M × Oµ˜ → R is contained in
K ×Oµ˜.
If M satisfies Assumption 3.6 at µ˜, one has a generalized Riemann-Roch char-
acter RR
K
Φµ˜
(M ×Oµ˜,−) since Cr(‖ Φµ˜ ‖2) is compact.
Proposition 3.7. Let mµ(E) be the multiplicity of RR
K
Φ (M,E) relatively to the
highest weight µ ∈ Λ∗+. If M satisfies Assumption 3.6 at µ˜, then
mµ(E) =
[
RR
K
Φµ˜(M ×Oµ˜, E ⊠ C˜[−µ])
]K
.
Proof. One has to show that the transversally elliptic symbols ThomΦ
K
(M) ⊙
Thom
K
(Oµ˜) and ThomΦµ˜
K
(M × Oµ˜) define the same class in KK(TK(M × Oµ˜))
whenM satisfies Assumption 3.6 at µ˜. Let σ1, σ2 be respectively the Thom symbols
Thom
K
(M) and Thom
K
(Oµ˜). The symbol σI = ThomΦK (M) ⊙ ThomK (Oµ˜) is
defined by
σI(m, ξ, v, w) = σ1(m, v −Hm)⊙ σ2(ξ, w) ,
where (m, v) ∈ TM , (ξ, w) ∈ TOµ˜, and H is defined in (3.8). Let Ht be the vector
field on M ×Oµ˜ generated by the map Φtµ˜ : M ×Oµ˜ → k. For (m, ξ) ∈ M ×Oµ˜,
we have Ht(m,ξ) = (Ha,t(m,ξ),Hb,t(m,ξ)) where Ha,t(m,ξ) ∈ TmM and Hb,t(m,ξ) ∈ TξOµ˜. The
symbol σII = Thom
Φµ˜
K
(M ×Oµ˜) is defined by
σII(m, ξ, v, w) = σ1(m, v −Ha,1m,ξ)⊙ σ2(ξ, w −Hb,1(m,ξ)) .
We connect σI and σII through two homotopies. First we consider the symbol A
on [0, 1]×T(M ×Oµ˜) defined by
A(t;m, ξ, v, w) = σ1(m, v −Ha,tm,ξ)⊙ σ2(ξ, w −Hb,t(m,ξ)) ,
for t ∈ [0, 1], and (m, ξ, v, w) ∈ T(M×Oµ˜). We have Char(A) = {(t;m, ξ, v, w) | v =
Ha,tm,ξ, and w = Hb,t(m,ξ)} and
Char(A)
⋂
[0, 1]×TK(M ×Oµ˜) = {(t;m, ξ, 0, 0) | (m, ξ) ∈ Cr(‖ Φtµ˜ ‖2) }
⊂ [0, 1]×K ×Oµ˜ ,
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where K ⊂M is the compact subset of Assumption 3.6. Thus A defines a homotopy
of transversally elliptic symbols. The restriction of A to t = 1 is equal to σII . The
restriction of A to t = 0 defines the following transversally elliptic symbol
σIII(m, ξ, v, w) = σ1(m, v −Hm)⊙ σ2(ξ, w −Hb,0(m,ξ))
since Ha,0m,ξ = Hm for every (m, ξ) ∈ M ×Oµ˜. Next, we consider the symbol B on
[0, 1]×T(M ×Oµ˜) defined by
B(t;m, ξ, v, w) = σ1(m, v −Hm)⊙ σ2(ξ, w − tHb,0(m,ξ)) .
We have Char(B) = {(t;m, ξ, v, w) | v = Hm, and w = tHb,0(m,ξ)} and
Char(B)
⋂
[0, 1]×TK(M ×Oµ˜) ⊂{
(t;m, ξ, v = Hm, w = tHb,0(m,ξ)) , ‖ Hm ‖2 + t ‖ Hb,0(m,ξ) ‖2= 0
}
.
In particular Char(B) ∩ [0, 1] × TK(M × Oµ˜) is contained in
{(t;m, ξ, 0, w = tHb,0(m,ξ)) , m ∈ Cr(‖ Φ ‖2)} which is compact since Cr(‖ Φ ‖2)
is compact. So, B defines a homotopy of transversally elliptic symbols between
σI = B|t=0 and σIII = B|t=1. We have finally proved that σI , σII , σIII define the
same class in KK(TK(M ×Oµ˜)). ✷
When E = L˜ is a κ-prequantum line bundle over M , the line bundle L˜ ⊠ C˜[−µ]
is a κ-prequantum line bundle over M ×Oµ˜. Therefore Proposition 3.7 shows that
under Assumption 3.6 the K-multiplicities of RR
K
Φ (M, L˜) have the form
(3.12)
[
RR
K
Φ (X , L˜X )
]K
,
where (X , ωX ,Φ) is a Hamiltonian K-manifold with Cr(‖ Φ ‖2) compact, and L˜X
is a κ-prequantum line bundle over X relative to a K-invariant almost complex
structure. In order to compute the quantity (3.12), we exploit in the next subsection
the localization techniques developed in [33].
3.4. Localization of the map RR
K
Φ . For a detailed account on the procedure of
localization that we use here, see Sections 4 and 6 of [33]. In this section (X , ωX ,Φ)
is a Hamiltonian K-manifold which is equipped with a K-invariant almost com-
plex structure, and a κ-prequantum line bundle L˜. We suppose furthermore that
Cr(‖ Φ ‖2) is compact. We give here a condition under which [RRKΦ (X , L˜)]K de-
pends only on the data in the neighborhood of Φ−1(0).
For any β ∈ k, let X β be the symplectic submanifold of points of X fixed by
the torus Tβ generated by β. Following Kirwan [22], the critical set Cr(‖ Φ ‖2)
decomposes as
(3.13) Cr(‖ Φ ‖2) =
⋃
β∈B
C
K
β , with C
K
β = K.(X β ∩ Φ−1(β)),
where B is the subset of t∗+ defined by B := {β ∈ t∗+, X β ∩ Φ−1(β) 6= ∅}. Since
Cr(‖ Φ ‖2) is supposed to be compact, B is finite.
For each β ∈ B, let Uβ →֒ X be a K-invariant relatively compact open neighbor-
hood of C
K
β such that Uβ ∩ Cr(‖ Φ ‖2) = C
K
β . The restriction of the transversally
elliptic symbol ThomΦ
K
(X ) to the subset Uβ defines ThomΦ
K
(Uβ ) ∈ KK(TKUβ ).
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Definition 3.8. For every β ∈ B, we denote by RRKβ (X ,−) the Riemann-Roch
character localized near C
K
β , which is defined by
RR
K
β (X , E) = IndexKUβ
(
ThomΦ
K
(Uβ )⊗ p∗E|Uβ
)
,
for every K-vector bundle E → X .
The excision property tells us that
(3.14) RR
K
Φ (X , E) =
∑
β∈B
RR
K
β (X , E)
for every K-vector bundle E → X (see [33][Section 4]). In particular,
[RR
K
Φ (X , L˜)]K =
∑
β [RR
K
β (X , L˜)]K , and our main point here is to find suitable
conditions under which [RR
K
β (X , L˜)]K = 0 for β 6= 0.
Let β be a non-zero element in k. For every connected component Z of X β ,
let NZ be the normal bundle of Z in X . Let αZ1 , · · · , αZl be the real infinitesimal
weights for the action of Tβ on the fibers of NZ ⊗C. The infinitesimal action of β
on NZ ⊗ C is a linear map with trace equal to
√−1∑i〈αZi , β〉.
Definition 3.9. Let us denote by Trβ |NZ | the following positive number
Trβ |NZ | :=
l∑
i=1
|〈αZi , β〉| ,
where αZ1 , · · · , αZl are the the real infinitesimal weights for the action of Tβ on the
fibers of NZ ⊗ C. For any Tβ-equivariant real vector bundle V → Z (resp. real
Tβ-equivariant real vector space E), we define in the same way Trβ |V| ≥ 0 (resp.
Trβ |E| ≥ 0).
Remark 3.10. If V = V1 ⊕V2, we have Trβ |V| = Trβ |V1|+Trβ|V2|, and if V ′ is
an equivariant real subbundle of V, we get Trβ |V| ≥ Trβ |V ′|. In particular one see
that Trβ |NZ | = Trβ |TX|Z |, and then, if Em ⊂ TmX is a Tβ-invariant real vector
subspace for some m ∈ Z, we have Trβ|NZ | ≥ Trβ |Em|.
The following Proposition and Corollary give us an essential condition under
which the number [RR
K
Φ (X , L˜)]K only depends on data localized in a neighborhhood
of Φ−1(0).
Proposition 3.11. Let L˜ be a κ-prequantum line bundle over X . The multiplicity
of the trivial representation in RR
K
β (X , L˜) is equal to zero if
(3.15) ‖ β ‖2 +1
2
Trβ |NZ | − 2(ρc, β) > 0
for every connected component Z of X β which intersects Φ−1(β). Condition (3.15)
always holds if β ∈ k− {0} is K-invariant or if ‖ β ‖>‖ ρc ‖.
Since every β ∈ B belongs to the Weyl chamber, we have 2(ρc, β) = Trβ |k/t|,
and then (3.15) can be rewritten as ‖ β ‖2 + 12Trβ|NZ |−Trβ|k/t| > 0. From (3.14),
we get
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Corollary 3.12. If condition (3.15) holds for all non-zero β ∈ B, we have[
RR
K
Φ (X , L˜)
]K
=
[
RR
K
0 (X , L˜)
]K
where RR
K
0 (X ,−) is the Riemann-Roch character localized near Φ−1(0) (see Defi-
nition 3.8). In particular, [RR
K
Φ (X , L˜)]K = 0 if (3.15) holds for all non-zero β ∈ B,
and 0 /∈ Image(Φ).
3.5. Proof of Proposition 3.11. When β ∈ k is K-invariant, the scalar product
(ρc, β) vanishes and then (3.15) trivially holds. Let us show that (3.15) holds when
‖ β ‖>‖ ρc ‖. Let Z a connected component of X β which intersects Φ−1(β). Let
m ∈ Φ−1(β) ∩ Z, and let Em ⊂ TmX be the subspace spanned by XX (m), X ∈ k.
We have Em ≃ k/km, where km := {X ∈ k, XX (m) = 0}. Since Φ(m) = β, and Φ
is equivariant km ⊂ kβ := {X ∈ k, [X, β] = 0}, so TmX contains a Tβ-equivariant
subspace isomorphic to k/kβ . So we have Trβ|NZ | ≥ Trβ |k/kβ | = 2(ρc, β), and then
‖ β ‖2 +1
2
Trβ |NZ | − 2(ρc, β) ≥ ‖ β ‖2 −(ρc, β)
> 0
since ‖ β ‖>‖ ρc ‖. ✷
We prove now that condition (3.15) forces [RR
K
β (X , L˜)]K to be equal to 0.
Let mβ,µ(E) ∈ Z be the K-multiplicities of the localized Riemann-Roch charac-
ter RR
K
β (X , E) introduced in Definition 3.8 : RR
K
β (X , E) =
∑
µ∈Λ∗+
mβ,µ(E)χKµ .
We show now that mβ,0(L˜) = 0, by using the formulas of localization that we
proved in [33] for the maps RR
K
β (X ,−).
First case : β ∈ B is a non-zero K-invariant element of k∗.
We show here the following relation for the multiplicities mβ,µ(L˜) :
(3.16) mβ,µ(L˜) 6= 0 =⇒ (µ, β) ≥‖ β ‖2 +1
2
Trβ|NZ | for some Z ⊂ X β ,
in particular mβ,0(L˜) = 0.
Since Tβ belongs to the center of K, X β is a symplectic K-invariant subman-
ifold of X . Let N be the normal bundle of X β in X . The K-invariant almost
complex structure of X induces a K-invariant almost complex structure on X β ,
and a complex structure on the fibers of N → X β . Then we have a Riemann-
Roch character RR
K
β (X β ,−) localized along X β ∩ Φ−1(β) with the decomposition
RR
K
β (X β , F ) =
∑
Z RR
K
β (Z, F |Z), where the sum is taken over the connected com-
ponents Z ⊂ X β which intersect Φ−1(β). The torus Tβ acts linearly on the fibers of
the complex vector bundle N , thus we can associate the polarized complexK-vector
bundle N+,β and (N ⊗C)+,β (see Definition 5.5 in [33]): for any real Tβ-weight α
on N+,β , or on (N ⊗ C)+,β, we have
(3.17) (α, β) > 0 .
We proved the following localization formula in Section 6.2 of [33] which holds in
R̂(K) for any K-vector bundle E over X :
(3.18)
RR
K
β (X , E) = (−1)rN
∑
k∈N
RR
K
β
(X β , E|Xβ ⊗ detN+,β ⊗ Sk((N ⊗ C)+,β)) .
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Here rN is the locally constant function on X β equal to the complex rank of N+,β,
and Sk(−) is the k-th symmetric product over C.
Let i : tβ →֒ t be the inclusion of the Lie algebra of Tβ , and let i∗ : t∗ → t∗β
be the canonical dual map. Let us recall the basic relationship between the Tβ-
weight on the fibers of a K-vector bundle F → X β and the K-multiplicities of
RR
K
β (X β , F ) ∈ R̂(K): if the irreducible representation Vµ occurs in RR
K
β (X β , F ),
then i∗(µ) is a Tβ -weight on the fibers of F (see Appendix B in [33]).
If one now uses (3.18), one sees that mµ,β(L˜) 6= 0 only if i∗(µ) is a Tβ-weight
on the fibers of some L˜|Z ⊗ detN+,βZ ⊗Sk((NZ ⊗C)+,β). Since (i∗(µ), β) = (µ, β),
(3.16) will be proved if one shows that each Tβ-weight γZ on L˜|Z ⊗ detN+,βZ ⊗
Sk((NZ ⊗ C)+,β) satisfies
(3.19) (γ
Z
, β) ≥‖ β ‖2 +1
2
Trβ |NZ | .
Let α
Z
be the Tβ -weight on the fiber of the line bundle L˜|Z ⊗ detN+,βZ . Since
any Tβ -weight on S
k((N ⊗ C)+,β) satisfies (3.17), (3.19) holds if
(3.20) (α
Z
, β) ≥‖ β ‖2 +1
2
Trβ|NZ |
for every Z ⊂ X β which intersects Φ−1(β). Let L2ω be the prequantum line
bundle on (M, 2ω, 2Φ) such that L˜2 = L2ω ⊗ κ (where κ is by definition equal to
det(T∗CX ) ∼= det(TX )−1). We have
(L˜|Z ⊗ det(N+,β))2 = L2ω |Z ⊗ det(TX )−1|Z ⊗ det(N+,β)2 .
So 2α
Z
= α1 + α2 where α1, α2 are respectively Tβ-weights on L2ω |Z and
det(TX )−1|Z ⊗ det(N+,β)2. The Kostant formula (2.1) on L2ω |Z gives (α1, X) =
2(β,X) for every X ∈ tβ, in particular
(3.21) (α1, β) = 2 ‖ β ‖2 .
On Z, the complex vector bundle TX has the following decomposition, TX|Z =
TZ ⊕ N−,β ⊕ N+,β , where N−,β is the orthogonal complement of N+,β in N :
every Tβ-weight δ on N−,β verifies (δ, β) < 0. So we get the decomposition
det(TX )−1|Z ⊗ det(N+,β)2 = det(TZ)⊗ det(N−,β)−1 ⊗ det(N+,β) , which gives
(3.22) (α2, β) = Trβ |NZ |
since Tβ acts trivially on TZ. Finally (3.20) follows trivially from (3.21) and (3.22).
Second case : β ∈ B such that Kβ 6= K.
Consider the induced Hamiltonian action of Kβ on X , with moment map ΦKβ :
X → k∗β . Let B′ be the indexing set for the critical point of ‖ ΦKβ ‖2 (see (3.13)).
Following Definition 3.8, for each β′ ∈ B′ we consider the Kβ-Riemann-Roch char-
acter RR
Kβ
β′ (X ,−) localised along C
Kβ
β′ = Kβ.(X β
′ ∩ Φ−1Kβ (β′)). Here β is a Kβ-
invariant element of B′ with CKββ = X β ∩ Φ−1(β).
Let Hol
K
T
: R−∞(T ) → R−∞(K), HolKβ
T
: R−∞(T ) → R−∞(Kβ), and Hol
K
Kβ
:
R−∞(Kβ) → R−∞(K) be the holomorphic induction maps (see Appendix B in
[33]). Recall that Hol
K
T
= Hol
K
Kβ
◦HolKβ
T
. The choice of a Weyl chamber determines
a complex structure on the real vector space k/kβ . We denote by k/kβ the vector
space endowed with the opposite complex structure.
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The induction formula that we proved in [33][Section 6] states that
(3.23) RR
K
β (X , E) = Hol
K
Kβ
(
RR
Kβ
β (X , E) ∧•C k/kβ
)
for every equivariant vector bundle E. Let us first write the decomposition
RR
Kβ
β (X , L˜) =
∑
µ∈Λ+β
mβ,µ(L˜)χ
Kβ
µ
into irreducible characters of Kβ. Since β
is Kβ-invariant we can use the result of the First case. In particular (3.16) tells us
that
(3.24) mβ,µ(L˜) 6= 0 =⇒ (µ, β) ≥‖ β ‖2 +1
2
Trβ |NZ |
for some connected component Z ⊂ X β which intersects Φ−1(β).
Each irreducible character χKβ
µ
is equal to Hol
Kβ
T
(tµ), so from (3.23) we get
RR
K
β (M, L˜) = Hol
K
T
(
(
∑
µmβ,µ(L˜) t
µ)Πα∈R+(k/kβ)(1 − t−α)
)
where R+(k/kβ) is
the set of positive T -weights on k/kβ : so 〈α, β〉 > 0 for all α ∈ R+(k/kβ). Finally ,
we see that RR
K
β (M, L˜) is a sum of terms of the form mβ,µ(L˜)Hol
K
T
(tµ−αI ) where
αI =
∑
α∈I α and I is a subset of R
+(k/kβ). We know that Hol
K
T
(tµ
′
) is either 0 or
the character of an irreducible representation (times ±1) ; in particular HolK
T
(tµ
′
)
is equal to ±1 only if (µ′, X) ≤ 0 for every X ∈ t+ (see Appendix B in [33]). So
[RR
K
β (M, L˜)]
K 6= 0 only if there exists a weight µ such that mβ,µ(L˜) 6= 0 and that
Hol
K
T
(tµ−αI ) = ±1. The first condition imposes (µ, β) ≥‖ β ‖2 + 12Trβ |NZ | for
some connected component Z ⊂ X β , and the second one gives (µ, β) ≤ (αI , β).
Combining the two we end up with
‖ β ‖2 +1
2
Trβ |NZ | ≤ (αI , β) ≤
∑
α∈R+(k/kβ)
(α, β) = 2(ρc, β) ,
for some connected component Z ⊂ X β which intersects Φ−1(β). This completes
the proof that [RR
K
β (M, L˜)]
K = 0 if ‖ β ‖2 + 12Trβ |NZ | > 2(ρc, β) for every
component Z ⊂ X β which intersects Φ−1(β). ✷
4. Quantization commutes with reduction
Let (M,ω,Φ) be a Hamiltonian K-manifold equipped with an almost complex
structure J . In this section, we assume that the moment map Φ is proper and that
the set Cr(‖ Φ ‖2) of critical points of ‖ Φ ‖2: M → R is compact. We denote the
corresponding Riemann-Roch character by RR
K
Φ (M,−) (see Definition 3.2). Let
∆ := Φ(M) ∩ t∗+ be the moment polyhedron.
The main result of this section is the following
Theorem 4.1. Suppose that M satisfies Assumption 3.6 at every µ˜ ∈ t∗, and
that the infinitesimal stabilizers for the K-action on M are Abelian. If L˜ is a
κ-prequantum line bundle over (M,ω,Φ, J), we have
(4.25) RR
K
Φ (M, L˜) = ε
∑
µ∈Λ∗+
Q(Mµ+ρc)χKµ ,
where ε = ±1 is the ‘quotient’ of the orientation o(J) defined by the almost complex
structure and the orientation o(ω) defined by the symplectic form. Here the integer
SPINc-QUANTIZATION AND THE K-MULTIPLICITIES OF THE DISCRETE SERIES 21
Q(Mµ+ρc) is computed by Proposition 2.4. In particular, Q(Mµ+ρc) = 0 if µ+ ρc
does not belong to the relative interior of ∆.
The same result holds in the traditional ‘prequantum’ case. Suppose that M
satisfies Assumption 3.6 at every µ ∈ t∗, and that the almost complex structure
J is compatible with ω. If L is prequantum line bundle over (M,ω,Φ), we have
RR
K
Φ (M,L) =
∑
µ∈Λ∗+
RR(Mµ, Lµ)χKµ .
The next Lemma is the first step in computing the K-multiplicities mµ(L˜) of
RR
K
Φ (M, L˜). Since (M,Φ) satisfies Assumption 3.6 at every µ˜, we know from
Proposition 3.7 that mµ(L˜) = [RR
K
Φµ˜
(M ×Oµ˜, L˜⊠ C˜[−µ])]K for every µ ∈ Λ∗+.
Let RR
K
0 (M ×Oµ˜,−) be the Riemann-Roch character localized near Φ−1µ˜ (0) ≃
Φ−1(µ+ ρc) (see Definition 3.8). This map is the zero map if Φ
−1(µ+ ρc) = ∅.
Lemma 4.2. Let L˜ be a κ-prequantum line bundle over M . Suppose that the
infinitesimal stabilizers for the K-action are Abelian and that Assumption 3.6 is
satisfied at µ˜. We have then
(4.26) mµ(L˜) =
[
RR
K
0 (M ×Oµ˜, L˜⊠ C˜[−µ])
]K
.
In particular mµ(L˜) = 0 if µ+ ρc does not belong to the moment polyhedron ∆.
Proof. The lemma follows from Corollary 3.12, applied to the Hamiltonian man-
ifold X :=M×Oµ˜, with moment map Φµ˜ and κ-prequantum line bundle L˜⊠C˜[−µ].
Let β 6= 0 such that X β ∩ Φ−1µ˜ (β) 6= ∅. Let N be the normal bundle of X β in X ,
and let x ∈ X β ∩ Φ−1µ˜ (β). From the criterion of Proposition 3.11, it is sufficient to
show that
(4.27) ‖ β ‖2 +1
2
Trβ |Nx| − 2(ρc, β) > 0 .
Write x = (m, ξ) with m ∈ Mβ and ξ ∈ (Oµ˜)β . We know that Trβ |Nx| =
Trβ |TxX| = Trβ |TmM |+Trβ|TξOµ˜|.
Since the stabilizer kξ ≃ t is Abelian and β ∈ kξ we have kξ ⊂ kβ . Then the
tangent space TξOµ˜ ≃ k/kξ contains a copy of k/kβ , so Trβ|TξOµ˜| ≥ Trβ |k/kβ | =
2(ρc, β). On the other hand, TmM contains the vector spaceEm ≃ k/km spanned by
XM (m), X ∈ k. We have assume that the stabilizer subalgebra km is Abelian, and
since β ∈ km, we get km ⊂ kβ . Thus k/kβ ⊂ Em ⊂ TmM and Trβ|TmM | ≥ 2(ρc, β).
Finally (4.27) is proved since 12 (Trβ |TmM |+Trβ |TξOµ˜|) ≥ 2(ρc, β). ✷
The remaining part of this section is devoted to the proof of Theorem 4.1. Fol-
lowing the preceding Lemma we have to show that
(4.28)
[
RR
K
0 (M ×Oµ˜, L˜⊠ C˜[−µ])
]K
= εQ(Mµ+ρc) ,
where Q(Mµ+ρc) is defined in Proposition 2.4.
In Subsection 4.1, we recall the basic notions about Spinc-structures. The ex-
istence of induced Spinc-structures on symplectic quotient is proved in Subsection
4.2. The proof of (4.28) is settled in Subsection 4.3. We give in the same time the
proof of the ‘hard part’ of Proposition 2.4: the fact that the index Q(Mξ) does not
depend on ξ, for ξ sufficiently close to µ+ ρc.
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4.1. Spinc structures and symbols. We refer to Lawson-Michelson [25] for back-
ground on Spinc-structures, and to Duistermaat [14] for a discussion of the sym-
plectic case.
The group Spinn is the connected double cover of the group SOn. Let η : Spinn →
SOn be the covering map, and let ε be the element who generates the kernel. The
group Spincn is the quotient Spinn×Z2 U1, where Z2 acts by (ε,−1). There are two
canonical group homomorphisms
η : Spincn → SOn , Det : Spincn → U1 .
Note that ηc = (η,Det) : Spincn → SOn ×U1 is a double covering map.
Let p : E → M be a oriented Euclidean vector bundle of rank n, and let
PSO(E) be its bundle of oriented orthonormal frames. A Spin
c-structure on E
is a Spincn principal bundle PSpinc(E)→M , together with a Spinc-equivariant map
PSpinc(E)→ PSO(E). The line bundle
(4.29) L := PSpinc(E)×Det C
is called the canonical line bundle associated to PSpinc(E). We have then a double
covering map4
(4.30) ηcE : PSpinc(E) −→ PSO(E)× PU(L) ,
where PU(L) := PSpinc(E)×Det U1 is the associated U1-principal bundle over M .
A Spinc-structure on a oriented Riemannian manifold is a Spinc-structure on its
tangent bundle. If a group K acts on the bundle E, preserving the orientation and
the Euclidean structure, we define a K-equivariant Spinc-structure by requiring
PSpinc(E) to be a K-equivariant principal bundle, and (4.30) to be (K × Spincn)-
equivariant.
Let ∆2m be the complex Spin representation of Spin
c
2m. Recall that ∆2m =
∆+2m ⊕ ∆−2m inherits a canonical Clifford action c : R2m → EndC(∆2m) which is
Spinc2m-equivariant, and which interchanges the grading : c(v) : ∆
±
2m → ∆∓2m, for
every v ∈ R2m. Let
(4.31) S(E) := PSpinc(E)×Spinc2m ∆2m
be the spinor bundle over M , with the grading S(E) := S(E)+ ⊕ S(E)−. Since
E = PSpinc(E)×Spinc2m R2m, the bundle p∗S(E) is isomorphic to PSpinc(E)×Spinc2m
(R2m ⊕∆2m).
Let E be the bundle E with opposite orientation. A Spinc structure on E induces
a Spinc on E, with the same canonical line bundle, and such that S(E)± = S(E)∓.
Definition 4.3. Let S-Thom(E) : p∗S(E)+ → p∗S(E)− be the symbol defined by
PSpinc(E)×Spinc2m (R2m ⊕∆+2m) −→ PSpinc(E)×Spinc2m (R2m ⊕∆−2m)
[p; v, w] 7−→ [p, v, c(v)w] .
When E is the tangent bundle of a manifold M , the symbol S-Thom(E) is denoted
by S-Thom(M). If a group K acts equivariantly on the Spinc-structure, we denote
by S-ThomK(E) the equivariant symbol.
4If P , Q are principal bundle over M respectively for the groups G and H, we denote simply
by P ×Q their fibering product over M which is a G×H principal bundle over M .
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The characteristic set of S-Thom(E) isM ≃ {zero section of E}, hence it defines
a class in K(E) if M is compact (this class is a free generator of the K(M)-module
K(E) [3]). When E = TM , the symbol S-Thom(M) corresponds to the principal
symbol of the Spinc Dirac operator associated to the Spinc-structure [14]. If more-
over M is compact, the number Q(M) ∈ Z is defined as the index of S-Thom(M).
If we change the orientation, note that Q(M) = −Q(M).
Remark 4.4. It should be noted that the choice of the metric on the fibers of E is
not essential in the construction. Let g0, g1 be two metric on the fibers of E, and
suppose that (E, g0) admits a Spin
c-structure denoted by PSpinc(E, g0). The trivial
homotopy gt = (1−t).g0+t.g1 between the metrics, induces a homotopy between the
principal bundles PSO(E, g0), PSO(E, g1) which can be lifted to a homotopy between
PSpinc(E, g0) and a Spin
c-bundle over (E, g1). When the base M is compact, the
corresponding symbols S-Thom(E, g0) and S-Thom(E, g1) define the same class in
K(E).
These notions extend to the orbifold case. Let M be a manifold with a locally
free action of a compact Lie group H . The quotient X := M/H is an orbifold, a
space with finite quotient singularities. A Spinc structure on X is by definition a H-
equivariant Spinc structure on the bundle THM → M , where THM is identified
with the pullback of TX via the quotient map π : M → X . We define in the
same way S-Thom(X ) ∈ Korb(TX ), such that π∗S-Thom(X ) = S-ThomH(THM).
Here Korb denotes the K-theory of proper vector bundles [21]. The pullback by π
induces an isomorphism π∗ : Korb(TX ) ≃ KH(THM). The number Q(X ) ∈ Z is
defined as the index of S-Thom(X ), or equivalently as the multiplicity of the trivial
representation in IndexHM (S-ThomH(THM)).
Consider now the case of a Hermitian vector bundle E → M , of complex rank
m. The orientation on the fibers of E is given by the complex structure J . Let
PU(E) be the bundle of unitary frames on E. We denote by i : Um →֒ SO2m the
canonical inclusion map. We have a morphism j : Um → Spinc2m which makes the
diagram
(4.32) Um
j
//
i×det
))R
R
R
R
R
R
R
R
R
R
R
R
R
R
R
R
Spinc2m
ηc

SO2m ×U1 .
commutative [25]. Then
(4.33) PSpinc(E) := Spin
c
2m ×j PU(E)
defines a Spinc-structure over E, with canonical line bundle equal to detCE.
Lemma 4.5. Let M be a manifold equipped with an almost complex structure J .
The symbol S-Thom(M) defined by the Spinc-structure (4.33), and the Thom symbol
Thom(M,J) defined in Section 3.2 coincide.
Proof. The Spinor bundle S is of the form PSpinc(TM) ×Spinc2m ∆2m =
PU(TM) ×Um ∆2m. The map c : R2m → EndC(∆2m), when restricted to the
Um-equivariant action through j, is equivalent to the Clifford map Cl : R
2m →
EndC(∧Cm) (with the canonical action of Um on R2m and ∧Cm). Then S = ∧CTM
endowed with the Clifford action. ✷
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Lemma 4.6. Let P be a Spinc-structure over M , with bundle of spinors S, and
canonical line bundle L. For every Hermitian line bundle L → M , there exists a
unique Spinc-structure PL with bundle of spinors S ⊗ L, and canonical line bundle
L⊗ L2 (PL is called the Spinc-structure P twisted by L).
Proof. Take PL = P ×U1 PU(L).
We finish this subsection with the following definitions. Let (M, o) be an oriented
manifold. Suppose that
• a connected compact Lie K acts on M
• (M, o,K) carries a K-equivariant Spinc-structure
• one has an equivariant map Ψ :M → k.
Suppose first that M is compact. The symbol S-Thom
K
(M) is then elliptic and
defines a map
QK (M,−) : KK(M)→ R(K)
by the relation QK (M,V ) := IndexKM (S-ThomK (M)⊗ V ). Thus Q
K
(M,V ) is the
equivariant index of the Spinc Dirac operator on M twisted by V .
Let ΨM be the equivariant vector field on M defined by ΨM (m) := Ψ(m)M |m.
Definition 4.7. The symbol S-ThomK (M) deformed by the map Ψ, which is de-
noted by S-ThomΨ
K
(M), is defined by the relation
S-ThomΨ
K
(M)(m, v) := S-Thom
K
(M)(m, v −ΨM (m))
for any (m, v) ∈ TM . The symbol S-ThomΨ
K
(M) is transversally elliptic if and
only if {m ∈M, ΨM (m) = 0} is compact. When this holds one defines the localized
map QKΨ(M,V ) := IndexKM (S-ThomΨK (M)⊗ V ).
We finish this section with an adaptation of Lemma 9.4 and Corollary 9.5 of
[33][Appendix B] to the localized map QKΨ(M,−). Let β ∈ t∗+ be a non-zero element
in the center of the Lie algebra k ∼= k∗ of K. We suppose here that the subtorus
i : Tβ →֒ K, which is equal to the closure of {exp(t.β), t ∈ R}, acts trivially on M .
Let mµ(V ), µ ∈ Λ∗+ be the K-multiplicities of Q
K
Ψ(M,V ).
Lemma 4.8. If mµ(V ) 6= 0, i∗(µ) is a weight for the action of Tβ on V ⊗ L 12 .
If each weight α for the action of Tβ on V ⊗ L 12 satisfies (α, β) > 0, then
[QKΨ(M,V )]K = 0.
4.2. Spinc structures on symplectic reductions. Let (M,ω,Φ) be a Hamilton-
ian K-manifold, such that Φ is proper. Let J be a K-invariant almost complex
structure on M . And let L˜ be a κ-prequantum line bundle over (M,ω, J). Since
we do not impose a compatibility condition between J and ω, the almost complex
structure does not descend to the symplectic quotients in general. Nevertheless
we prove in this section that the Spinc prequantization defined by the data (L˜, J)
induces a Spinc prequantization on the symplectic quotients Mµ+ρc .
Let Y be the subset Φ−1(interior(t∗+)). When Y 6= ∅, the Principal-cross-section
Theorem tells us that Y is a Hamiltonian T -submanifold of M , with moment map
the restriction of Φ to Y [26].
Lemma 4.9. If the infinitesimal stabilizers for the K-action on M are Abelian,
the symplectic slice Y is not empty.
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Proof. There exists a unique relatively open face τ of the Weyl chamber t∗+ such
that Φ(M) ∩ τ is dense in Φ(M) ∩ t∗+. The face τ is called the principal face of
(M,Φ) [26]. All points in the open face τ have the same connected centralizer Kτ .
The Principal-cross-section Theorem tells us that Yτ := Φ−1(τ) is a Hamiltonian
Kτ -manifold, where [Kτ ,Kτ ] acts trivially [26]. Here we have assumed that the
subalgebras km := {X ∈ k, XM (m) = 0}, m ∈M , are Abelian. Hence [kτ , kτ ] ⊂ km
for every m ∈ Yτ , and this imposes [kτ , kτ ] = 0. Therefore the subgroup Kτ is
Abelian, and this is the case only if τ is the interior of the Weyl chamber. ✷
For the remaining of this section, we assume that Y 6= ∅, so that the relative
interior ∆o of the moment polyhedron is a dense subset of Φ(Y). On M , we have
the orientation o(J) defined by the almost complex structure and the orientation
o(ω) defined by the symplectic form. We denote their ‘quotient’ by ε = ±1. On
the symplectic quotients we will have also two orientations, one induces by ω, and
the other induces by J , with the same ‘quotient’ ε.
Proposition 4.10. The almost complex structure J induces
i) an orientation o(Y) on Y, and
ii) a T -equivariant Spinc structure on (Y, o(Y)) with canonical line bundle
detC(TM |Y)⊗ C−2ρc .
Proof. On Y, we have the decomposition TM |Y = TY⊕[k/t], where [k/t] denotes
the trivial bundle Y × k/t corresponding of the subspace of TM |Y formed by the
vector fields generated by the infinitesimal action of k/t. The choice of the Weyl
chamber induces a complex structure on k/t, and hence an orientation o([k/t]).
This orientation can be also defined by a symplectic form of the type ωk/t(X,Y ) =
〈ξ, [X,Y ]〉, where ξ belongs to the interior t∗+. Let o(Y) be the orientation on Y
defined by o(J)|Y = o(Y)o([k/t]). On Y, we have also the orientation o(ωY) defined
by the symplectic form ωY . Note that if o(J) = ε o(ω), we have also o(Y) = ε o(ωY).
Let P := Spinc2n ×Un PU(TM) be the Spinc structure on M induced by J (see
(4.33)). When restricted to Y, P|Y defines a Spinc structure on the bundle TY ⊕
[k/t]. Let q be a T -invariant Riemannian structure on TY ⊕ [k/t] such that TY is
orthogonal with [k/t], and q equals the Killing form on [k/t]. Following Remark 4.4,
P|Y induces a Spinc structure P′ on (TY ⊕ [k/t], q), with the same canonical line
bundle L = detC(TM |Y). Since the SO2k×Ul-principal bundle PSO(TY)×U(k/t) is
a reduction5 of the SO2n principal bundle PSO(TY⊕[k/t]), we have the commutative
diagram
(4.34) Q //

PSO(TY)×U(k/t)× PU(L)

P′ // PSO(TY ⊕ [k/t])× PU(L) ,
where Q is a (ηc)−1(SO2k×Ul) ≃ Spinc2k×Ul-principal bundle. Finally we see that
Q′ = Q/Ul is a Spin
c structure onTY. Since (U(k/t)×PU(L))/Ul ≃ PU(L⊗C−2ρc),
the corresponding canonical line bundle is L′ = L⊗ C−2ρc . ✷
Let Aff(∆) be the affine subspace generated by moment polyhedron ∆, and let−→
∆ be the subspace of t∗ generated by {m − n | m,n ∈ ∆}. Let T∆ the subtorus
5Here 2n = dimM , 2k = dimY and 2l = dim(k/t), so n = k + l.
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of T with Lie algebra t∆ equal to the orthogonal (for the duality) of
−→
∆. It is not
difficult to see that T∆ corresponds to the connected component of the principal
stabilizer for the T -action on Y.
Here we consider the symplectic quotient Mξ := Φ
−1(ξ)/T for generic quasi-
regular values ξ ∈ ∆o (see Definition 2.3). For such ξ, the fiber Φ−1(ξ) is a smooth
submanifold of M , with a locally free action of T/T∆, and with a tubular neigh-
borhood equivariantly diffeomorphic to Φ−1(ξ) × −→∆. Recall that Mξ inherits a
canonical symplectic form ωξ.
Proposition 4.11. Let µ ∈ Λ∗+ such that µ˜ = µ + ρc belongs to ∆. Let L˜ be
a κ-prequantum line bundle. For every generic quasi-regular value ξ ∈ ∆o, the
Spinc structures on Y, when twisted by L˜|Y ⊗C−µ, induces a Spinc structure on the
reduced space Mξ := Φ
−1(ξ)/T with canonical line bundle (L2ω|Φ−1(ξ) ⊗ C−2µ˜)/T .
Here we have two choices for the orientations : o(Mξ) induced by o(Y), and o(ωξ)
defined by the symplectic form ωξ. They are related by o(Mξ) = ε o(ωξ).
Remark 4.12. The preceding Proposition will be used
i) when ξ = µ+ ρc is a generic quasi-regular value of Φ: the symplectic quotient
(Mµ+ρc , ωµ+ρc) is then Spin
c prequantized. Or
ii) for general µ+ ρc ∈ ∆. One takes then ξ generic quasi-regular close enough
to µ+ ρc.
Proof of the Proposition. Let ξ ∈ ∆o be a generic quasi-regular value of Φ, and
Z := Φ−1(ξ). This is a submanifold of Y with a trivial action of T∆ and a locally
free action of T/T∆. We denote the quotient map by π : Z → Mξ. We identify
π∗(TMξ) with the orthogonal complement (with respect to a Riemannian metric)
of the trivial bundle [t/t∆] formed by the vector fields generated by the infinitesimal
action of t/t∆. On the other hand the tangent bundle TY, when restricted to Z,
decomposes as TY|Z = TZ ⊕ [−→∆], so we have
TY|Z = π∗(TMξ)⊕ [t/t∆]⊕ [−→∆]
= π∗(TMξ)⊕ [t/t∆ ⊗ C] ,(4.35)
with the convention t/t∆ = t/t∆⊗iR and−→∆ = t/t∆⊗R. Since t/t∆⊗C is canonically
oriented by the complex multiplication by i, the orientation o(Y) determines an
orientation o(Mξ) on TMξ through (4.35).
Now we proceed like the proof of Proposition 4.11. Let Q′ be the Spinc structure
on Y introduced in Proposition 4.11, and let Qµ be Q′ twisted by the line bundle
L˜|Y ⊗ C−µ : its canonical line bundle is detC(TM)|Y ⊗ C−2ρc ⊗ (L˜|Y ⊗ C−µ)2 =
L2ω|Y ⊗ C−2µ˜. The SO2k′ × Ul′ -principal bundle PSO(π∗(TMξ)) ×U(t/t∆ ⊗ C) is
a reduction6 of the SO2k principal bundle PSO(π
∗(TMξ)⊕ [t/t∆⊗C]); we have the
commutative diagram
(4.36) Q′′ //

PSO(π
∗(TMξ))×U(t/t∆ ⊗ C)× PU(L|Z)

Qµ|Z // PSO(π∗(TMξ)⊕ [t/t∆ ⊗ C])× PU(L|Z) ,
6Here 2k = dimY , 2k′ = dimMξ and l
′ = dim(t/t∆), so k = k
′ + l′.
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where L = L2ω|Y ⊗ C−2µ˜. Here Q′′ is a (ηc)−1(SO2k′ × Ul′) ≃ Spinc2k′ × Ul′ -
principal bundle. The Kostant formula (2.1) tells us that the action of T∆ is trivial
on L|Z , since ξ − µ˜ ∈ −→∆. Thus the action of T∆ is trivial on Q′′. Finally we see
that Qξ = Q
′′/(Ul′ × T ) is a Spinc structure on Mξ with canonical line bundle
Lξ = (L2ω|Z ⊗ C−2µ˜)/T . ✷
4.3. Definition of Q(Mµ+ρc). First we give three different ways to define the
quantity Q(Mµ+ρc) ∈ Z for any µ ∈ Λ∗+. The compatibility of these different defi-
nitions proves Theorem 4.1 and the ‘hard part’ of Proposition 2.4 simultaneously.
First of all Q(Mµ+ρc) = 0 if µ+ ρc /∈ ∆.
First definition.
If µ + ρc ∈ ∆o is a generic quasi regular value of Φ, Mµ+ρc := Φ−1(µ + ρc)/T
is a symplectic orbifold. We know from Proposition 4.11 that Mµ+ρc inherits
Spinc-structures, with the same canonical line bundle (L2ω|Φ−1(µ˜) ⊗ C−2µ˜)/T , for
the two choices of orientation o(Mµ+ρc) and o(ωµ+ρc). We denote the index of
the Spinc Dirac operator associated to the Spinc structure on (Mµ+ρc , o(ωµ+ρc))
by Q(Mµ+ρc) ∈ Z and the index of the Spinc Dirac operator associated to the
Spinc structure on (Mµ+ρc , o(Mµ+ρc)) by Q(Mµ+ρc , o(Mµ+ρc)). Since o(Mµ+ρc) =
ε o(ωµ+ρc), we have Q(Mµ+ρc) = εQ(Mµ+ρc , o(Mµ+ρc)).
Second definition.
We can also define Q(Mµ+ρc) by shift ‘desingularization’ as follows. If µ +
ρc ∈ ∆, one considers generic quasi regular values ξ ∈ ∆o, close enough to µ +
ρc. Following Proposition 4.11, Mξ = Φ
−1(ξ)/T inherits a Spinc structure, with
canonical line bundle (L2ω|Φ−1(ξ) ⊗ C−2µ˜)/T . Then we set Q(Mµ+ρc) := Q(Mξ),
where the RHS is the index of the Spinc Dirac operator associated to the Spinc
structure on (Mξ, o(ωξ)). If we take the orientation o(Mξ) induced by o(Y) we
have another index Q(Mξ, o(Mξ)) = ε Q(Mξ). Here one has to show that these
quantities does not depend on the choice of ξ when ξ is close enough to µ+ ρc. We
will see that Q(Mµ+ρc) = 0 when µ+ ρc /∈ ∆o.
Third definition.
We can use the characterization of the multiplicity mµ(L˜) given in Lemma
4.2. The number Q(Mµ+ρc) is the multiplicity of the trivial representation in
εRR
K
0 (M ×Oµ˜, L˜⊗ C˜[−µ]).
We have to show the compatibility of these definitions, that is
(4.37) if µ+ ρc ∈ ∆o :
[
RR
K
0 (M ×Oµ˜, L˜⊗ C˜[−µ])
]K
= Q(Mξ, o(Mξ))
for any generic quasi regular value ξ ∈ ∆o close enough to µ+ ρc. And
(4.38) if µ+ ρc /∈ ∆o :
[
RR
K
0 (M ×Oµ˜, L˜⊗ C˜[−µ])
]K
= 0 .
We have proved already (Lemma 4.2) that [RR
K
0 (M × Oµ˜, L˜ ⊗ C˜[−µ])]K = 0 if
µ+ ρc /∈ ∆.
We work now with a fixed element µ ∈ Λ∗+ such that µ˜ = µ + ρc be-
longs to ∆. During the remaining part of this section, Y will denote
a small T -invariant open neighborhood of Φ−1(µ + ρc) in the symplectic
slice Φ−1(interior(t∗+)).
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We will check in Subsection 4.5, that the functions ‖ Φ − µ˜ ‖2 and ‖ Φ − ξ ‖2
have compact critical set on Y when ξ ∈ Aff(∆) is close enough to µ˜. Since the
manifold (Y, o(Y)) carries a T -invariant Spinc-structure, we consider the localized
maps QTΦ−µ˜(Y,−) and Q
T
Φ−ξ(Y,−) (see Definition 4.7). The proof of (4.37) and
(4.38) is divided into two steps. We first relate the maps RR
K
0 (M × Oµ˜,−) and
QTΦ−µ˜(Y,−) through the induction map
(4.39) Ind
K
T
: C−∞(T ) −→ C−∞(K)K .
Here C−∞(T ), C−∞(K) denote respectively the set of generalized functions on T
and K, and the K invariants are taken with the conjugation action. The map
Ind
K
T
is defined as follows : for φ ∈ C−∞(T ), we have ∫K IndKT (φ)(k)f(k)dk =
vol(K,dk)
vol(T,dt)
∫
T φ(t)f |T (t)dt, for every f ∈ C∞(K)K .
Proposition 4.13. Let E and F be respectively K-equivariant complex vector bun-
dles over M and Oµ˜. We have the following equality
RR
K
0 (M ×Oµ˜, E ⊠ F ) = Ind
K
T
(
QTΦ−µ˜(Y, E|Y ⊗ F |e¯)
)
in R−∞(K). It gives in particular that[
RR
K
0 (M ×Oµ˜, E ⊠ F )
]K
=
[
QTΦ−µ˜(Y, E|Y ⊗ F |e¯)
]T
.
After we compute the map QTΦ−µ˜(Y,−) by making the shift µ˜→ ξ.
Proposition 4.14. Suppose ξ ∈ Aff(∆) is close enough to µ˜. Then
i) the maps QTΦ−µ˜(Y,−) and Q
T
Φ−ξ(Y,−) are equal,
ii) if furthermore ξ ∈ ∆o is a generic quasi-regular value of Φ we get[
QTΦ−ξ(Y, L˜|Y ⊗ C−µ)
]T
= Q(Mξ, o(Mξ)) ,
iii) and if ξ /∈ ∆, [QTΦ−ξ(Y, L˜|Y ⊗ C−µ)]T = 0.
Finally, if ξ ∈ Aff(∆) is close enough to µ˜, Propositions 4.13 and 4.14 give[
RR
K
0 (M ×Oµ˜, L˜⊗ C˜[−µ])
]K
=
[
QTΦ−µ˜(Y, L˜|Y ⊗ C−µ)
]T
(4.40)
=
[
QTΦ−ξ(Y, L˜|Y ⊗ C−µ)
]T
.
If µ+ ρc ∈ ∆o, we choose ξ ∈ ∆o close to µ+ ρc: in this case (4.37) follows from
(4.40) and the point ii) of Proposition 4.14. If µ + ρc /∈ ∆o, we choose ξ close to
µ + ρc and not in ∆: in this case (4.38) follows from (4.40) and the point iii) of
Proposition 4.14.
Propositions 4.13 and 4.14 are proved in the next subsections.
4.4. Proof of Proposition 4.13. The induction formula of Proposition 4.13 is
essentially identical to the one we proved in [33]. The main difference is that the
almost complex structure is not assumed to be compatible with the symplectic
structure.
We identify the coadjoint orbit Oµ˜ with K/T . Let Hµ˜ be the Hamiltonian
vector field of the function −12 ‖ Φµ˜ ‖2: M ×K/T → R. Here Y denotes a small
SPINc-QUANTIZATION AND THE K-MULTIPLICITIES OF THE DISCRETE SERIES 29
neighborhood of Φ−1(µ˜) in the symplectic slice Φ−1(interior(t∗+)) such that the open
subset U := (K ×T Y) ×K/T is a neighborhood of Φ−1µ˜ (0) = K · (Φ−1(µ˜) × {e¯})
which verifies U ∩ {Hµ˜ = 0} = Φ−1µ˜ (0).
From Definition 3.8, the localized Riemann-Roch character RR
K
0 (M ×K/T ,−)
is computed by means of the Thom class Thom
Φµ˜
K (U) ∈ KK(TKU). On the
other hand, the localized map QTΦ−µ˜(Y,−) is computed by means of the class
S-ThomΦ−µ˜T (Y) ∈ KT (TTY) (see Definition 4.7). Proposition 4.13 will follow from
a simple relation between these two transversally elliptic symbols.
First, we consider the isomorphism φ : U → U ′, φ([k; y], [h]) = [k; [k−1h], y],
where U ′ := K ×T (K/T × Y). Let φ∗ : KK(TKU ′) → KK(TKU) be the induced
isomorphism. Then one considers the inclusion i : T →֒ K which induces an
isomorphism i∗ : KT (TT (K/T × Y)) → KK(TKU ′) (see [1, 33]). Let j : Y →֒
K/T ×Y be the T -invariant inclusion map defined by j(y) := (e¯, y). We have then
a pushforward map j! : KT (TTY)→ KT (TT (K/T × Y)). Finally we get a map
Θ := φ∗ ◦ i∗ ◦ j! : KT (TTY) −→ KK(TKU) ,
such that IndexKU (Θ(σ)) = Ind
K
T
(IndexTY(σ)) for every σ ∈ KT (TTY) (see Section
3 in [33]).
Proposition 4.13 is an immediate consequence of the following
Lemma 4.15. We have the equality
Θ
(
S-ThomΦ−µ˜T (Y)
)
= Thom
Φµ˜
K (U) .
Proof. Let S be the bundle of spinors on K ×T Y: S = P ×Spinc
2k
∆2k, where
P → PSO(T(K ×T Y)) × PU(L) is the Spinc structure induced by the complex
structure. From Proposition 4.10, we have the reductions
(4.41) Q //

PSO(TY)×U(k/t)× PU(L|Y)

P|Y //

PSO(TY ⊕ [k/t])× PU(L|Y)

P // PSO(T(K ×T Y))× PU(L) .
Here Q/Ul is the induced Spin
c-structure on Y. Let us denote by p : T(K×T Y)→
K ×T Y, pY : TY → Y and pK/T : T(K/T ) → K/T the canonical projections.
Using (4.41), we see that
p∗S = (K ×T p∗YS(Y)) ⊗ p∗K/T ∧C T(K/T ) ,
where S(Y) is the spinor bundle on Y. Hence we get the decomposition
S-ThomK(K ×T Y) = ThomK(K/T )⊙K ×T S-ThomT (Y) .
The transversally elliptic symbol Thom
Φµ˜
K (U) is equal to[
ThomK(K/T )⊙ ThomK(K/T )⊙K ×T S-ThomT (Y)
]
deformed by Hµ˜
,
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hence σ1 := (φ
−1)∗Thom
Φµ˜
K (U) is equal to[
ThomK(K/T )⊙K ×T
(
ThomT (K/T )⊙ S-ThomT (Y)
)]
deformed by H′
,
where H′ = φ∗(Hµ˜).
Using the decomposition TU ′ ≃ K×T (k/t⊕K×T (k/t)⊕TY), a small computa-
tion givesH′(m) = prk/t(hµ˜)+R(m)+Hµ˜(y)+S(m) form = [k; [h], y] ∈ U ′, where7
R(m) ∈ k/t and S(m) ∈ TyY vanishes when m ∈ K×T ({e¯}×Y), i.e. when [h] = e¯.
Here Hµ˜ is the Hamiltonian vector field of the function −12 ‖ Φ− µ˜ ‖2: Y → R.
The transversally elliptic symbol σ1 is equal to the exterior product
σ1(m, ξ1 + ξ2 + v) = c(ξ1 − prk/t(hµ˜))⊙ c(ξ2 −R(m))⊙ c(v −Hµ˜ − S(m)) ,
with ξ1 ∈ k/t, ξ2 ∈ k/t, and v ∈ TY.
Now, we simplify the symbol σ1 without changing its K-theoretic class. Since
Char(σ1) ∩ TKU ′ = K ×T ({e¯} × Y), we transform σ1 through the K-invariant
diffeomorphism h = eX from a neighborhood of 0 in k/t to a neighborhood of e¯ in
K/T . That gives σ2 ∈ KK(TK(K ×T (k/t× Y))) defined by
σ2([k;X, y], ξ1 + ξ2 + v) =
c(ξ1 − prk/t(eX µ˜))⊙ c(ξ2 −R(m))⊙ c(v −Hµ˜ − S(m)) .
Now trivial homotopies link σ2 with the symbol
σ3([k,X, y], ξ1 + ξ2 + v) = c(ξ1 − [X, µ˜])⊙ c(ξ2)⊙ c(v −Hµ˜) ,
where we have removed the terms R(m) and S(m), and where we have replaced
prk/t(e
X µ˜) = [X, µ˜] + o([X, µ˜]) by the term [X, µ˜]. Now we see that σ3 = i∗(σ4)
where the symbol σ4 ∈ KT (TT (k/t× Y)) is defined by
σ4(X, y; ξ2 + v) = c(−[X, µ˜])⊙ c(ξ2)⊙ c(v −Hµ˜) .
So σ4 is equal to the exterior product of (y, v)→ c(v−Hµ˜), which is S-ThomΦ−µ˜T (Y),
with the transversally elliptic symbol on k/t: (X, ξ2)→ c(−[X, µ˜])⊙c(ξ2). But the
K-theoretic class of this former symbol is equal to k!(C), where k : {0} →֒ k/t (see
subsection 5.1 in [33]). This shows that
σ4 = k!(C)⊙ S-ThomΦ−µ˜T (Y) = j!(S-ThomΦ−µ˜T (Y)) .
✷
4.5. Proof of Proposition 4.14. In this subsection, µ˜ = µ + ρc is fixed, and
is assumed to belong to ∆. The induced moment map on the symplectic slice
Φ−1(Interior(t∗+)) is still denoted by Φ. Let r > 0 be the smallest non zero critical
value of ‖ Φ− µ˜ ‖, and let Y = Φ−1{ξ ∈ Aff(∆), ‖ ξ − µ˜ ‖< r2}.
For ξ ∈ Aff(∆), we consider ξt = tξ + (1 − t)µ˜, 0 ≤ t ≤ 1. If one shows
that there exists a compact subset K ⊂ Y such that Cr(‖ Φ − ξt ‖2) ∩ Y ⊂ K,
the family S-ThomΦ−ξtT (Y), 0 ≤ t ≤ 1, defines then a homotopy of transver-
sally elliptic symbols between S-ThomΦ−µ˜T (Y) and S-ThomΦ−ξT (Y). It shows that
QTΦ−µ˜(Y,−) and Q
T
Φ−ξ(Y,−) are equal.
We describe now Cr(‖ Φ − ξt ‖2) ∩ Y using a parametrization introduced in
[30][Section 6]. Let B be the collection of affine subspaces of t∗ generated by the
7A small computation shows that R(m) = prk/t(h
−1(prt(hµ˜) − Φ(y))), and S(m) = [µ˜ −
prt(hµ˜)]Y (y).
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image under Φ of submanifolds Z of the following type: Z is a connected component
of YH which intersects Φ−1(µ˜), H being a subgroup of T . The set B is finite since
Φ−1(µ˜) is compact and thus has a finite number of stabilizers for the T action. Note
that B is reduced to Aff(∆) if µ˜ is a generic quasi regular value of Φ. For A ∈ B, we
denote by β(−, A) the orthogonal projection on A. Let Bξ = {β(ξ, A)− ξ | A ∈ B}.
Like in [31][Section 4.3], we see that
(4.42) Cr(‖ Φ− ξ ‖2) ∩ Y =
⋃
β∈Bξ
(Yβ ∩ Φ−1(β + ξ))
if ‖ ξ − µ˜ ‖< r2 . If we take K := Φ−1{ξ ∈ Aff∆, ‖ ξ − µ˜ ‖≤ r3}, we have
Cr(‖ Φ − ξ ‖2) ∩ Y ⊂ K for ‖ ξ − µ˜ ‖≤ r3 . Thus point i) of Proposition 4.14 is
proved.
Now we fix ξ ∈ Aff(∆) close enough to µ˜. And for each β ∈ Bξ, we denote by
QTβ (Y,−) the map localized near Yβ ∩Φ−1(β + ξ). The excision property tells us,
like in (3.14), that
QTΦ−ξ(Y,−) =
∑
β∈Bξ
QTβ (Y,−) .
Note that 0 ∈ Bξ if and only if Φ−1(ξ) 6= ∅. Point iii) of Proposition 4.14 will follow
from the following
Lemma 4.16. Let ξ ∈ Aff(∆) close enough to µ˜, and let β be a non-zero element
of Bξ. Then [QTβ (Y, L˜|Y ⊗ C)]T = 0. Hence [Q
T
Φ−ξ(Y, L˜|Y ⊗ C−µ)]T = 0, if ξ /∈ ∆.
For the point ii) of Proposition 4.14, we also need the
Lemma 4.17. If ξ ∈ ∆o is a generic quasi regular value of Φ, we have
[QT0 (Y, L˜|Y ⊗ C−µ)]T = Q(Mξ, o(Mξ)).
Other versions of Lemmas 4.17 and 4.16 are already known : in the Spin-case
for an S1-action by Vergne [42], and by the author [33] when the Spinc-structure
comes from an almost complex structure.
We review briefly the arguments, since they work in the same way. We consider
the Spinc structure on Y defined in Proposition 4.10, that we twist by the line
bundle L˜|Y ⊗C−µ : it defines a Spinc structure Qµ on Y with canonical line bundle
Lµ := L2ω ⊗C−2µ˜. We consider then the symbol S-ThomΦ−ξT,µ (Y) constructed with
Qµ (see Definition 4.7). For β ∈ Bξ, the term QTβ (Y, L˜|Y⊗C−µ) is by definition the
T -index of S-ThomΦ−ξT,µ (Y)|Uβ , where Uβ is a sufficiently small open neighborhood
of Yβ ∩Φ−1(β + ξ) in Y.
Proof of Lemma 4.17. A neighborhood U0 of Z := Φ−1(ξ) is diffeomorphic to a
neighborhood of Z in Z × −→∆, where Φ− ξ : Z × −→∆ → −→∆ is the projection to the
second factor. Let pr : Z × −→∆ → Z be the projection to the first factor. We still
denote byQµ the Spinc-structure onZ×−→∆ equal to pr∗(Qµ|Z). We easily show that
QTβ (Y, L˜|Y ⊗C−µ) is equal to the T -index of σZ = S-ThomΦ−ξT,µ (Z ×
−→
∆). Let Q′′ be
the reduction of Qµ|Z introduced in (4.36). Since Qµ|Z = Spinc2k×(Spinc
2k′
×U2l′ )
Q′′,
the bundle of spinors S over Z ×−→∆ decomposes as
S = pr∗
(
π∗S(Mξ)⊗Z × ∧(t/t∆ ⊗ C)
)
.
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Here S(Mξ) is the bundle of spinors onMξ induces by the Spinc-structure Q′′/U2l′ ,
and π : Z → Mξ is the quotient map. Inside the trivial bundle Z × (t/t∆ ⊗ C),
we have identified Z × (t/t∆ ⊗ iR) with the subspace of TZ formed by the vector
fields generated by the infinitesimal action of t/t∆, and Z × (t/t∆ ⊗ R) with Z ×−→
∆ ⊂ T(Z × −→∆)|Z . For (z, f) ∈ Z × −→∆, let us decompose v ∈ T(z,f)(Z × −→∆)
as v = v1 + X + iY , where v1 ∈ π∗(TMξ), and X + iY ∈ t/t∆ ⊗ C. The map
σZ(z, f ; v1 +X + iY ) acts on S(Mξ)z ⊗ ∧(t/t∆ ⊗ C) as the product
cz(v1)⊙ c(X + i(Y − f)) ,
which is homotopic8 to the transversally elliptic symbol
cz(v1)⊙ c(f + iX) .
So we have proved that σZ = j! ◦ π∗(S-Thom(Mξ)), where j! : KT (TTZ) →
KT (TT (Z × −→∆)) is induced by the inclusion j : Z →֒ Z × −→∆. The last equal-
ity finishes the proof (see [33][Section 6.1]).
Proof of Lemma 4.16. The equality [QTβ (Y, L˜|Y ⊗ C−µ)]T = 0 comes from a
localization formula on the submanifold Yβ for the map QTβ (Y,−) (see [33, 42]).
The normal bundle N of Yβ in Y carries a complex structure JN on the fibers such
that each Tβ -weight α on (N , JN ) satisfies (α, β) > 0. The principal bundle Qµ,
when restricted to Yβ admits the reduction
(4.43) Q′ //

PSO(TYβ)× PU(N ) × PU(L|Yβ )

Qµ|Yβ // PSO(TYβ ⊕N )× PU(Lµ|Yβ ) ,
Hence Qβ := Q′/U(l) is a Spinc-structure on Yβ with canonical line bundle equal
to Lβ := Lµ|Yβ ⊗ (detN )−1 = L2ω|Yβ ⊗C−2µ˜ ⊗ (detN )−1. Let QTβ (Yβ ,−) be the
map defined by Qβ and localized near Φ−1(β + ξ) ∩ Yβ by Φ − ξ. Following the
argument of [33][Section 6] one obtains
QTβ (Y, L˜|Y ⊗ C−µ) = (−1)l
∑
k∈N
QTβ (Yβ , detN ⊗ Sk(N )) ,
where Sk(N ) is the k-th symmetric product of N , and l = rankCN . Thus, it is
sufficient to prove that [QTβ (Yβ , detN ⊗ Sk(N ))]T = 0 for every k ∈ N. For this
purpose, we use Lemma 4.8. Let α be the Tβ -weight on detN . From the Kostant
formula (2.1), the Tβ-weight on L2ω|Yβ is equal to 2(β + ξ). Hence any Tβ-weight
γ on detN ⊗ Sk(N )⊗ (Lβ)1/2 is of the form
γ = β + ξ − µ˜+ 1
2
α+ δ
where δ is a Tβ-weight on S
k(N ). So (γ, β) = (β+ ξ− µ˜, β) + 12 (α, β) + (δ, β). But
the Tβ-weights on N are ‘positive’ for β, so (α, β) > 0 and (δ, β) ≥ 0. On the other
hand, β + ξ = β(ξ, A) is the orthogonal projection of ξ on some affine subspace
A ⊂ t∗+ which contains µ˜: hence (β + ξ − µ˜, β) = 0. This proves that (γ, β) > 0. ✷
8See [33][Section 6.1].
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5. Quantization and the discrete series
In this section we apply Theorem 4.1 to the coadjoint orbits that parametrize
the discrete series of a real, connected, semi-simple Lie group G, with finite center.
Nice references on the subject of ‘the discrete series’ are [36, 12].
Let K be a maximal compact subgroup of G, and T be a maximal torus in K.
For the remainder of this section, we assume that T is a Cartan subgroup of G.
The discrete series of G is then non-empty and is parametrized by a subset Ĝd in
the dual t∗ of the Lie algebra of T [19].
Let us fix some notation. Let Rc ⊂ R ⊂ Λ∗ be respectively the set of (real)
roots for the action of T on k⊗C and g⊗C. We choose a system of positive roots
R+c for Rc, we denote by t
∗
+ the corresponding Weyl chamber, and we let ρc be
half the sum of the elements of R+c . We denote by B the Killing form on g. It
induces a scalar product (denoted by (−,−)) on t, and then on t∗. An element
λ ∈ t∗ is called regular if (λ, α) 6= 0 for every α ∈ R, or equivalently, if the stabilizer
subgroup of λ in G is T . Given a system of positive roots R+ for R, consider the
subset Λ∗ + 12
∑
α∈R+ α of t
∗. This does not depend on the choice of R+, and we
denote it by Λ∗ρ [12].
The discrete series of G are parametrized by
(5.44) Ĝd := {λ ∈ t∗, λ regular } ∩ Λ∗ρ ∩ t∗+ .
When G = K is compact, the set Ĝd equals Λ
∗
++ ρc, and it parametrizes the set of
irreducible representations of K. Harish-Chandra has associated to any λ ∈ Ĝd an
invariant eigendistribution on G, denoted by Θλ, which is shown to be the global
trace of an irreducible, square integrable, unitary representation of G.
On the other hand we associate to λ ∈ Ĝd, the regular coadjoint orbitM := G·λ.
It is a symplectic manifold with a Hamiltonian action of K. Since the vectors
XM , X ∈ g, span the tangent space at every ξ ∈ M , the symplectic 2-form is
determined by
ω(XM , YM )ξ = 〈ξ, [X,Y ]〉 .
The corresponding moment map Φ : M → k∗ for the K-action is the composition
of the inclusion i : M →֒ g∗ with the projection g∗ → k∗. The vector λ determines
a choice R+,λ of positive roots for the T -action on g⊗ C : α ∈ R+,λ ⇐⇒ (α, λ) >
0. We recall now how the choice of R+,λ determines a complex structure on M .
First take the decomposition g ⊗ C = t ⊗ C ⊕ ∑α∈R gα where gα := {v ∈ g ⊗
C | exp(X).v = ei〈α,X〉v for any X ∈ t}. It gives the following T -equivariant
decomposition of the complexified tangent space of M at λ :
TλM ⊗ C =
∑
α∈R
gα = n⊕ n ,
with n =
∑
α∈R+,λ gα. We have then a T -equivariant isomorphism I : TλM → n
equal to the composition of the inclusion TλM →֒ TλM ⊗ C with the projection
n ⊕ n → n. The T -equivariant complex structure Jλ on TλM is determined by
the relation I(Jλv) = i I(v). Hence, the set of real infinitesimal weights for the
T -action on (TλM,Jλ) is R
+,λ. Since M is a homogeneous space, Jλ defines an
invariant almost complex structure J on M , which is in fact integrable. Through
the isomorphismM ∼= G/T , the canonical line bundle κ = detC(TM)−1 is equal to
κ = G×T C−2ρ with ρ = 12
∑
α∈R+,λ α.
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If λ ∈ Ĝd, then λ− ρ is a weight, and
(5.45) L˜ := G×T Cλ−ρ → G/T
is a κ-prequantum line bundle over (M,ω, J). We have shown in [32], that
Cr(‖ Φ ‖2) is compact, equal to the K-orbit K · λ. Then the generalized Riemann-
Roch character RR
K
Φ (M,−) is well defined (see Definition 3.2). The main result of
this section is the following
Theorem 5.1. We have the following equality of tempered distributions on K
Θλ|K = (−1)
dim(G/K)
2 RR
K
Φ (G · λ, L˜) ,
where Θλ|K is the restriction of the eigendistribution Θλ to the subgroup K.
The proof of Theorem 5.1 is given in Subsection 5.2. It uses the Blattner formulas
in an essential way (see Subsection 5.1).
With Theorem 5.1 at our disposal we can exploit the result of Theorem 4.1 to
compute the K-multiplicities, mµ(λ) ∈ N, of Θλ|K in term of the reduced spaces.
By definition we have
(5.46) Θλ|K =
∑
µ∈Λ∗+
mµ(λ)χKµ in R
−∞(K) .
The moment map Φ : G · λ→ k∗ is proper since the G · λ is closed in g∗ [32]. We
show (Lemma 5.5) that the moment polyhedron ∆ = Φ(G · λ) ∩ t∗+ is of dimension
dimT . Thus on the relative interior ∆o of the moment polyhedron, the notions of
generic quasi-regular values and regular values coincide : they concern the elements
ξ ∈ ∆o such that Φ−1(ξ) is a smooth submanifold with a locally free action of T .
We have shown (Subsection 4.3) how to define the quantity Q((G · λ)µ+ρc ) ∈ Z
as the index of a suitable Spinc Dirac operator on Φ−1(ξ)/T , where ξ ∈ ∆o is a
regular value of Φ close enough to µ+ ρc.
Proposition 5.2. For every µ ∈ Λ∗+, we have
mµ(λ) = Q ((G · λ)µ+ρc ) .
In particular mµ(λ) = 0 if µ + ρc does not belong to the relative interior of the
moment polyhedron ∆.
Proof. A small check of orientations shows that ε = (−1) dim(G/K)2 , thus this
proposition follows from Theorems 4.1 and 5.1 if one checks that the following
holds: (G · λ,Φ) satisfies Assumption 3.6, and the infinitesimal K-stabilizers are
Abelian. The first point will be handled in Subsection 5.3. The second point is
obvious since M ∼= G/T : all the G-stabilizers are conjugate to T , so all the K-
stabilizers are Abelian. ✷
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5.1. Blattner formulas. In this section, we fix λ ∈ Ĝd. Let R+,λ be the system
of positive roots defined λ: α ∈ R+,λ ⇐⇒ (α, λ) > 0. Then R+c ⊂ R+,λ, and
ρ = 12
∑
α∈R+,λ α decomposes in ρ = ρc + ρn where ρn =
1
2
∑
α∈R+n
α and R+n =
R+,λ −R+c .
Let P : Λ∗ 7→ N be the partition function associated to the set R+n : for µ ∈ Λ∗,
P(µ) is the number of distinct ways we can write µ = ∑α∈R+n kαα with kα ∈ N
for all α. The following Theorem is known as the Blattner formulas and was first
proved by Hecht and Schmid [20].
Theorem 5.3. For µ ∈ Λ∗+, we have
mµ(λ) =
∑
w∈W
(−1)wP
(
w(µ+ ρc)− (µλ + ρc)
)
,
where9 µλ := λ− ρc + ρn. Here W is the Weyl group of (K,T ).
Using Theorem 5.3, we can describe Θλ|K through the holomorphic induction
map Hol
K
T
: R−∞(T ) → R−∞(K). Recall that HolK
T
is characterized by the
following properties: i) Hol
K
T
(tµ) = χK
µ
for every dominant weight µ ∈ Λ∗+; ii)
Hol
K
T
(tw◦µ) = (−1)wHolK
T
(tµ) for every w ∈ W and µ ∈ Λ∗; iii) HolK
T
(tµ) = 0 if
W ◦ µ ∩ Λ∗+ = ∅. Using these properties we have
(5.47)
∑
µ∈Λ∗
R(µ)HolK
T
(tµ) =
∑
µ∈Λ∗+
[ ∑
w∈W
(−1)wR(w ◦ µ)
]
χK
µ
,
for every map R : Λ∗ → Z.
For a weight α ∈ Λ∗, with (λ, α) 6= 0, let us denote the oriented inverse of (1−tα)
in the following way
[1− tα]−1λ =
{ ∑
k∈N t
kα , if (λ, α) > 0
−t−α∑k∈N t−kα , if (λ, α) < 0 .
Let A = {α1, · · · , αl} be a set of weights with (λ, αi) 6= 0, ∀i. We denote by
A+ = {ε1α1, · · · , εlαl} the corresponding set of polarized weights: εi = ±1 and
(λ, εiαi) > 0 for all i. The product Πα∈A[1− tα]−1λ is well defined in R−∞(T ), and
is denoted by [Πα∈A(1 − tα)]−1λ . A small computation shows that[
Πα∈A(1− tα)
]−1
λ
= (−1)r t−γ
[
Πα∈A+(1− tα)
]−1
λ
= (−1)r t−γ
∑
µ∈Λ∗
PA+(µ) tµ .(5.48)
Here PA+ : Λ∗ 7→ N is the partition function associated to A+, γ =
∑
(λ,α)<0 α,
and r = ♯{α ∈ A, (λ, α) < 0}. This notation is compatible with the one we used
in [33][Section 5]. If V is a complex T -vector space where the subspace fixed by
λ is reduced to {0}, then ∧•
C
V ∈ R(T ) admits a polarized inverse [∧•
C
V ]−1λ =
[Πα∈R(V )(1− tα)]−1λ , where R(V ) is the set of real infinitesimal T -weights on V .
9We shall note that µλ ∈ Λ
∗
+ (see [12], section 5).
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Lemma 5.4. We have the following equality in R−∞(K)
Θλ|K = Hol
K
T
(
tµλ
[
Πα∈R+n (1− tα)
]−1
λ
)
.
Proof. Let Θ ∈ R−∞(K) be the RHS in the equality of the Lemma. From
(5.48), we have Θ =
∑
µ∈Λ∗ P(µ)Hol
K
T
(tµ+µλ) =
∑
µ∈Λ∗ P(µ− µλ)Hol
K
T
(tµ). If we
use now (5.47), we see that multiplicity of Θ relative to the highest weight µ ∈ Λ∗+
is
∑
w∈W (−1)wP(w(µ + ρc) − (µλ + ρc)). From Theorem 5.3 we conclude that
Θλ|K = Θ. ✷
5.2. Proof of Theorem 5.1. In Lemma 5.4 we have used the Blattner formulas
to write Θλ|K in term of the holomorphic induction map Hol
K
T
. Theorem 5.1 is
then proved if one shows that RR
K
Φ (G · λ, L˜) = (−1)rHol
K
T
(tµλ [Πα∈R+n (1− tα)]−1λ ),
with µλ = λ − ρc + ρn, and r = 12 dim(G/K). More generally, we show in this
section that for any K-equivariant vector bundle V → G · λ
(5.49) RR
K
Φ (G · λ, V ) = (−1)rHol
K
T
(
Vλ.t
2ρn .
[
Πα∈R+n (1− tα)
]−1
λ
)
,
where Vλ ∈ R(T ) is the fiber of V at λ.
First we recall why Cr(‖ Φ ‖2) = K ·λ inM := G ·λ (see [32] for the general case
of closed coadjoint orbits). One can work with an adjoint orbit M := G · λ˜ through
the G-identification g∗ ≃ g given by the Killing form; then Φ : M → k is just
the restriction on M of the (orthogonal) projection g→ k. Let p be the orthogonal
complement of k in g. Everym ∈M decomposes as m = xm+ym, with xm = Φ(m)
and ym ∈ p. The Hamiltonian vector field of −12 ‖ Φ ‖2 is Hm = [xm,m] = [xm, ym]
(see 3.8). Thus
Cr(‖ Φ ‖2) = {H = 0} = {m ∈M, [xm, ym] = 0} .
Now, since λ˜ is elliptic, everym ∈M is also elliptic. If m ∈ Cr(‖ Φ ‖2), [m,xm] = 0
and m,xm are elliptic, hence ym = m− xm is elliptic and so is equal to 0. Finally
Cr(‖ Φ ‖2) = G · λ˜ ∩ k = K · λ˜.
According to Definition 3.2, the computation of RR
K
Φ (G · λ, L˜) holds on a small
K-invariant neighborhood of K · λ of G · λ. Our model for the computation will be
M˜ := K ×T p
endowed with the canonical K-action. The tangent bundle TM˜ is isomorphic to
K×T (r⊕Tp) where r is the T -invariant complement of t in k. One has a symplectic
form Ω˜ on M˜ defined by Ω˜m(V, V
′) = 〈λ, [X,X ′]+[v, v′]〉. Herem = [k, x] ∈ K×T p,
and V = [k, x;X + v], X ′ = [k, x;X ′ + v′] are two tangent vectors, with X,X ′ ∈ r
and v, v′ ∈ p. A small computation shows that the K-action on (K ×T p, Ω˜) is
Hamiltonian with moment map Φ˜ : M˜ → k∗ defined by
Φ˜([k, x]) = k ·
(
λ− 1
2
prt∗(λ ◦ ad(x) ◦ ad(x))
)
.
Here ad(x) is the adjoint action of x, and prt∗ : g
∗ → t∗ is the projection. Note
first that the tangent space TλM and T[1,0]M˜ are canonically isomorphic to r⊕ p.
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Lemma 5.5. There exists a K-Hamiltonian isomorphism Υ : U ≃ U˜ , where U is a
K-invariant neighborhood of K · λ in M , U˜ is a K-invariant neighborhood of K/T
in M˜ , and Υ(λ) = [1, 0]. We impose furthermore that the differential of Υ at λ is
the identity.
Corollary 5.6. The cone λ +
∑
α∈R+n
R+α coincides with ∆ = (G · λ) ∩ t∗+ in a
neighborhood of λ. The polyhedral set ∆ is of dimension dimT .
Proof of the Corollary. The first assertion is an immediate consequence of Lemma
5.5 and of the convexity Theorem [26]. LetXo ∈ t such that ξ(Xo) = 0 for all ξ ∈ −→∆,
that is α(Xo) = 0 for all α ∈ R+n : Xo commutes with all elements in p. Let a be
a maximal Abelian subalgebra of p, and let Σ be the set of weights for the adjoint
action of a on g : g =
∑
α∈Σ gα, where gα = {Z ∈ g, [X,Z] = α(X)Z for all X ∈ a}.
Since [Xo, a] = 0, we have [Xo, gα] ⊂ gα for all α ∈ Σ. But since [Xo, p] = 0 and
gα ∩ k = 0 for all α 6= 0, we see that [Xo, gα] = 0 for all α 6= 0. But Xo belongs to
the Abelian subalgebra g0, so [Xo, gα] = 0. We see finally that Xo belongs to the
center of g, and that implies Xo = 0 since G has a finite center. We have proved
that
−→
∆⊥ = 0, or equivalently
−→
∆ = t. ✷
Proof of Lemma 5.5. The symplectic cross-section Theorem [17] asserts that
the pre-image Y := Φ−1(interior(t∗+)) is a symplectic submanifold provided with a
Hamiltonian action of T . The restriction Φ|Y is the moment map for the T -action on
Y. Moreover, the setK.Y is aK-invariant neighborhood ofK ·λ inM diffeomorphic
to K ×T Y. Since λ is a fixed T -point of Y, a Hamiltonian model for (Y, ω|Y ,Φ|Y)
in a neighborhood of λ is (TλY, ωλ,Φλ) where ωλ is the linear symplectic form
of the tangent space TλM restricted to TλY, and Φλ : TλY → t∗ is the unique
moment map with Φλ(0) = λ. A small computation shows that x → λ ◦ ad(x) is
an isomorphism from p to TλY, and Φλ(x) = λ− 12prt∗(λ ◦ ad(x) ◦ ad(x)). ✷
We still denote the almost complex structure transported on U˜ ⊂ K×T p through
Υ by J . Since dΥ(λ) is the identity, J[1,0] : r ⊕ p → r ⊕ p is equal to Jλ. Let
π : K ×T p → K/T , and πU˜ : U˜ → K/T be the fibering maps. Remark that for
any equivariant vector bundle V over M the vector bundle (Υ−1)∗(V |U ) → U˜ is
isomorphic to π∗
U˜
(K ×T Vλ). At this stage, we have according to Definition 3.2
(5.50) RR
K
Φ (G · λ, V ) = IndexKU˜
(
ThomΦ˜
K
(U˜ , J)⊗ π∗
U˜
(K ×T Vλ)
)
.
With the help of Lemma 3.4, we define now a simpler representative of the class
defined by ThomΦ˜
K
(U˜ , J) in KK(TK U˜). Consider the map
λ : K ×T p −→ k∗
(k, x) 7−→ k · λ ,
and let λM˜ be the vector field on M˜ generated λ (see (3.8)). Note that λM˜ never
vanishes outside the zero section of K×T p. Let (−,−)M˜ be the Riemannian metric
on M˜ defined by (V, V ′)
M˜
= (X,X ′)+(v, v′) for V = [k, x;X+v], V = [k, x;X ′+v′].
A small computation shows that
(H˜, λM˜ )M˜ =‖ λM˜ ‖2 + o(‖ λM˜ ‖2)
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in the neighborhood of the zero section in K ×T p. Hence, if we take U˜ small
enough, (H˜, λM˜ )M˜ > 0 on U˜ − {zero section}, hence ThomΦ˜K (U˜ , J) = ThomλK (U˜ , J)
in KK(TK U˜) (see Lemma 3.4).
Let J˜ be the K-invariant almost complex structure on M˜ , constant on the fibers
of M˜ → K/T , and equal to Jλ at [1, 0] so that for [k, x] ∈ K ×T p, J˜[k,x](V ) =
[k, x, Jλ(X + v)] for V = [k, x,X + v]. Since the set {λM˜ = 0} = K/T is compact,
using J˜ and the map λ, one defines the localized Thom symbol
Thomλ
K
(M˜, J˜) ∈ KK(TKM˜) .
Through the canonical identification of the tangent spaces at [k, x] and [k, 0], one
can write J˜[k,x] = J˜[k,0] = J[k,0] for any [k, x] ∈ U˜ . We note that J and J˜ are
related on U˜ by the homotopy J t of almost complex structures: J t[k,x] := J[k,tx]
for [k, x] ∈ U˜ . From Lemma 3.4, we conclude that the localized Thom symbols
Thomλ
K
(U˜ , J) and Thomλ
K
(M˜, J˜)|U˜ define the same class in KK(TK U˜), thus (5.50)
becomes
(5.51) RR
K
Φ (G · λ, V ) = IndexKM˜
(
Thomλ
K
(M˜, J˜)⊗ π∗(K ×T Vλ)
)
.
In order to compute (5.51), we use the induction morphism
i∗ : KT (TT p) −→ KK(TK(K ×T p))
defined by Atiyah in [1] (see [33][Section 3]). The map i∗ enjoys two properties:
first, i∗ is an isomorphism and the K-index of σ ∈ KK(TK(K ×T p)) can be
computed with the T -index of (i∗)
−1(σ).
Let σ : p∗(E+)→ p∗(E−) be a K-transversally elliptic symbol on K×T p, where
p : T(K ×T p) → K ×T p is the projection, and E+, E− are equivariant vector
bundles over K ×T p. So for any [k, x] ∈ K ×T p, we have a collection of linear
maps σ([k, x,X+v]) : E+[k,x] → E−[k,x] depending on the tangent vectors X+v. The
symbol (i∗)
−1(σ) is defined by
(5.52) (i∗)
−1(σ)(x, v) = σ([1, x, 0 + v]) : E+[1,x] −→ E−[1,x] for any (x, v) ∈ Tp.
For σ = ThomΦ˜
K
(M˜, J˜), the vector bundle E+ (resp. E−) is ∧odd
C
TM˜ (resp.
∧even
C
TM˜). Since the complex structure leaves r ∼= k/t and p invariant one gets
(i∗)
−1(Thomλ
K
(M˜, J˜)) = Thomλ
T
(p, Jλ) ∧•C k/t ,
and
(5.53) (i∗)
−1
(
Thomλ
K
(M˜, J˜)⊗ π∗(K ×T Vλ)
)
= Thomλ
T
(p, Jλ)Vλ ∧•C k/t ,
where Thomλ
T
(p, Jλ) is the T -equivariant Thom symbol on the complex vector space
(p, Jλ) deformed by the constant map p → t, x 7→ λ. In (5.53), our notation uses
the structure of R(T )-module for KT (TT p), hence we can multiply Thom
λ
T
(p, Jλ)
by Vλ ∧•C k/t.
SPINc-QUANTIZATION AND THE K-MULTIPLICITIES OF THE DISCRETE SERIES 39
Theorem 4.1 of Atiyah in [1] tells us that
(5.54) KT (TT p)
i∗
//
IndexT
p

KK(TKM˜)
IndexKM˜

C−∞(T )
Ind
K
T
// C−∞(K)K .
is a commutative diagram, with M˜ = K×T p, and where Ind
K
T
is the induction map
(see (4.39)). In other words, IndexK
M˜
(σ) = Ind
K
T
(IndexTp ((i∗)
−1(σ))). With (5.51),
(5.53), and (5.54), we find
RR
K
Φ (G · λ, V ) = Ind
K
T
(
IndexTp (Thom
λ
T
(p, Jλ))Vλ ∧•C k/t
)
= Hol
K
T
(
IndexTp (Thom
λ
T
(p, Jλ))Vλ
)
.
(See the Appendix in [33] for the relation Hol
K
T
(−) = IndK
T
(− ∧•
C
k/t).) But the
index IndexTp (Thom
λ
T
(p, Jλ)) is computed in Section 5 of [33]:
IndexTp (Thom
λ
T
(p, Jλ)) =
[
Πα∈R+n (1− t−α)
]−1
λ
= (−1)r t2ρn
[
Πα∈R+n (1− tα)
]−1
λ
,
with r = 12 dim(G/K). Equality (5.49) in then proved.
5.3. (G · λ,Φ) satisfies Assumption 3.6. Let M be a regular elliptic coadjoint
orbit for G, with the canonical Hamiltonian K-action. The goal of this section is
to show that M satisfies Assumption 3.6 at every µ.
Let g = k⊕ p be the Cartan decomposition of g. The Killing form B provides a
G-equivariant identification g ≃ g∗ andK-equivariant identifications k ≃ k∗, p ≃ p∗.
The Killing form B provides also a K-invariant Euclidean structure on g such that
B(X,X) = − ‖ X1 ‖2 + ‖ X2 ‖2 and ‖ X ‖2=‖ X1 ‖2 + ‖ X2 ‖2, for X = X1+X2,
with X1 ∈ k, X2 ∈ p.
Hence we can and we shall consider M as a adjoint orbit of G: M = G ·λ where
λ ∈ k is a regular element, i.e. Gλ = Kλ is a maximal torus in K (in this section
· means the adjoint action). The moment map Φ : M → k is then the restriction
to M of the orthogonal projection k ⊕ p → k. For µ ∈ k, we consider the map
Φµ :M ×K · µ→ k, (m,n) 7→ Φ(m)− n.
This section is devoted to the proof of the following
Proposition 5.7. The set Cr(‖ Φµ ‖2) of critical points of ‖ Φµ ‖2 is a compact
subset of M ×K · µ. More precisely, for any r ≥ 0, there exists c(r) > 0 such that
Cr(‖ Φµ ‖2) ⊂
(
M ∩
{
ξ ∈ g, ‖ ξ ‖≤ c(r)
})
×K · µ ,
whenever ‖ µ ‖≤ r.
Note that M ∩ {ξ ∈ g, ‖ ξ ‖≤ c(r)} is compact, thus Proposition 5.7 shows that
M satisfies Assumption 3.6 at every µ. Let a be a maximal Abelian subalgebra of
p, and consider the map
Fµ : (K · λ)× (K · µ)× a→ R
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defined by Fµ(m,n,X) = 12 ‖ eX ·m ‖2 −2 < eX ·m,n >.
Proposition 5.8. For any r ≥ 0, there exists c(r) > 0 such that
(m,n,X) ∈ Cr(Fµ) =⇒ ‖ eX ·m ‖≤ c(r) ,
whenever ‖ µ ‖≤ r.
We first show that Proposition 5.8 implies Proposition 5.7, and then we concen-
trate on the proof of Proposition 5.8.
Proposition 5.8 =⇒ Proposition 5.7. Consider the map Φ − µ : M → k.
One easily sees that Cr(‖ Φµ ‖2) = K · (Cr(‖ Φµ ‖2) ∩ (M × {µ})), and
Cr(‖ Φµ ‖2) ∩ (M × {µ}) ⊂ Cr(‖ Φ− µ ‖2) × {µ}. Thus Proposition 5.7 is proved
if one shows that for any r ≥ 0, there exists c(r) > 0 such that
Cr(‖ Φ− µ ‖2) ⊂M ∩
{
ξ ∈ g, ‖ ξ ‖≤ c(r)
}
,
whenever ‖ µ ‖≤ r. Since the bilinear formB is G-invariant, the mapm→ B(m,m)
is constant on M , equal to − ‖ λ ‖2, and thus ‖ Φ(m) ‖2= 12 ‖ m ‖2 + 12 ‖ λ ‖2 for
any m ∈M . Finally we have on M the equality
‖ Φ(m)− µ ‖2= 1
2
‖ m ‖2 −2 < m,µ > +cst
where cst = 12 ‖ λ ‖2 + ‖ µ ‖2. If we use now the Cartan decomposition G =
K · exp(p), and the fact that p = ∪k∈Kk · a, we see that every element M is
of the form m = (k−11 e
Xk2) · λ with k1, k2 ∈ K and X ∈ a. It follows that
‖ Φ((k−11 eXk2) ·λ)−µ ‖2= Fµ(m′, n,X)+cst with m′ = k2 ·λ, n = k1 ·µ. It is now
obvious that if m = (k−11 e
Xk2) ·λ ∈ Cr(‖ Φ−µ ‖2) then (k2 ·λ, k1 ·µ,X) ∈ Cr(Fµ).
Finally, if Proposition 5.8 holds we get ‖ m ‖=‖ eX ·m′ ‖≤ c(r). ✷
Proof of Proposition 5.8. Let (m,n,X) ∈ Cr(Fµ). Then, the identity
d
dtF
µ(m,n,X + tX)|t=0 = 0 gives
(5.55) < eX ·m, eX · [X,m] >= 2 < eX · [X,m], n > .
The proof of Proposition 5.8 is then reduced to the
Lemma 5.9. i) For any r ≥ 0, there exists d(r) > 0 such that ‖ eX ·[X,m] ‖≤
d(r) ‖ X ‖ holds for every (m,n,X) ∈ K · λ × k × a satisfying (5.55) and
‖ n ‖≤ r.
ii) For any d > 0 there exists c > 0, such that for every (m,X) ∈ K · λ × a,
we have ‖ eX · [X,m] ‖≤ d ‖ X ‖ =⇒ ‖ eX ·m ‖≤ c.
Proof of i). Let Σ be the set of weights for the adjoint action of a on g: g =∑
α∈Σ gα, where gα = {Z ∈ g, [X,Z] = α(X)Z for all X ∈ a}. Each m ∈ g amits a
decomposition m =
∑
αmα, with mα ∈ gα, which is stable relatively to the Cartan
involution:
(5.56) θ(mα) = m−α, for every m ∈ g .
Suppose now that v := (m,n,X) ∈ K · λ× k× a satisfies (5.55). We decompose
m ∈ K · λ into m = ∑αmα with mα ∈ gα. Let Σ±v := {α ∈ Σ, mα 6= 0 and ±
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α(X) > 0}. The LHS of (5.55) decomposes in LHS = ∑α e2α(X)α(X) ‖ mα ‖2,
and
LHS =
∑
α∈Σ+v
e2α(X)α(X) ‖ mα ‖2 +
∑
α∈Σ−v
e2α(X)α(X) ‖ mα ‖2
≥
∑
α∈Σ+v
e2α(X)
α(X)2
R ‖ X ‖ ‖ mα ‖
2 −R ‖ X ‖
∑
α∈Σ−v
‖ mα ‖2 [1]
with R := supα,‖X‖≤1 |α(X)|. But∑
α∈Σ+v
e2α(X)α(X)2 ‖ mα ‖2 = ‖ eX · [X,m] ‖2 −
∑
α∈Σ−v
e2α(X)α(X)2 ‖ mα ‖2
≥ ‖ eX · [X,m] ‖2 −R2 ‖ X ‖2
∑
α∈Σ−v
‖ mα ‖2 [2]
Since α ∈ Σ+v ⇔ −α ∈ Σ−v , we have 2
∑
α∈Σ−v
‖ mα ‖2≤
∑
α∈Σ ‖ mα ‖2=‖ m ‖2
=‖ λ ‖2. So, the inequalities [1] and [2] give
(5.57) LHS ≥ ‖ e
X · [X,m] ‖2
R ‖ X ‖ −R ‖ X ‖ . ‖ λ ‖
2 .
Since the RHS of (5.55) satisfies obviously RHS ≤ 2 ‖ eX · [X,m] ‖ . ‖ n ‖, (5.55)
and (5.57) yield
2 ‖ eX · [X,m] ‖ . ‖ n ‖ ≥ ‖ e
X · [X,m] ‖2
R ‖ X ‖ −R ‖ X ‖ . ‖ λ ‖
2 .
In other wordsE :=‖ eX ·[X,m] ‖ satisfies the polynomial inequalityE2−2aE−b2 ≤
0, with b = R ‖ X ‖ . ‖ λ ‖ and a = R ‖ X ‖ . ‖ n ‖. A direct computation gives
‖ eX · [X,m] ‖≤ d ‖ X ‖ ,
with d = R(‖ n ‖ +√‖ n ‖2 + ‖ λ ‖2). ✷
Proof of ii). Suppose that ii) does not hold. So there is a sequence (mi, Xi)i∈N
in K · λ × a such that ‖ eXi · [Xi,mi] ‖≤ d ‖ Xi ‖ but limi→∞ ‖ eXi ·mi ‖= ∞.
We write Xi = tivi with ti ≥ 0 and ‖ vi ‖= 1. We can assume moreover that
vi → v∞ ∈ a with ‖ v∞ ‖= 1, and mi → m∞ ∈ K · λ when i→∞.
But m∞ ∈ K · λ is a regular element of G, and rank(G) =rank(K), thus
[v∞,m∞] =
∑
α∈Σ α(v∞)m∞,α 6= 0: there exists αo ∈ Σ such that αo(v∞)m∞,αo 6=
0, and then also αo(v∞)m∞,−αo 6= 0 (see (5.56)).
On one hand the sequence etivi .mi =
∑
α e
tiα(vi)mi,α diverges. Hence (ti)i∈N
is not bounded and so can be assumed to be divergent. On the other hand
etivi · [vi,mi] =
∑
α e
tiα(vi)α(vi)mi,α is bounded, so the sequences
eti±αo(vi)α(vi)mi,±αo are also bounded. But limi→∞ α(vi)mi,±αo = αo(v∞)m∞,±αo
6= 0, hence the sequences eti±αo(vi) are bounded. This contradicts the fact that
limi→∞ ti = +∞ and limi→∞ αo(vi) 6= 0. ✷
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